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Picgace 


This book is designed for the students who are preparing for various National Level 


competitive examinations and also inspires to enter into Ph.D. Programs by qualifying the 
various entrance exams. 


This book starts with basic fundamental definitions of complex numbers and then the concepts 
of elementary functions, complex integration, power series, convergence and uniform 
convergence, singularities, residues, contour integration, conformal mappings, bilinear 
transformations etc. are discussed. The concepts of limit, continuity and differentiablity of 
complex functions are also explained in detail with good examples. This book aims at helping 
students to get into an insight view of the complex functions of complex variables and will also 


enable them to solve the problems by an easy and effective approach. 


The practice sets are introduced at the end of the topics which includes a variety of 
questions from CSIR UGC NET, IIT JAM, TIFR, NBHM and GATE previous year question 
papers. These questions are carefully selected so that the students can apply 
mathematical knowledge in solving the questions. In addition to it, the solved examples are 
also given at the end of every chapter which will help in deep understanding of the topics 
discussed. The key points provides the quick revision of every chapter. Also, a well-thought 
question bank, in the form of various assignments is given at the end of each chapter which 
covers entire prescribed topics, so as to facilitate students to do more and more practice 


and hence secure good results. 


While compiling this book, more stress is given on problem solving technique rather than 


language or exact mathematical symbols. Any suggestions for the improvement of the 


book will be highly appreciated. 


Dr AP. Stugh 
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COMPLEX ANALYSIS ~ CHAPTER-0 


CHAPTER - 0 


(BASIC CONCEPTS OF COMPLEX NUMBERS) 


INTRODUCTION 


Necessity is the mother of invention.” The inability to fully solve the cubic equations leaded 


Gerolamo Cardano”’ to the discovery of complex numbers, C fomplex numbers C are field extensions of real 
R. In this chapter, we will learn the basic conce} 


: pts of complex numbers and their algebraic and geometric 
properties. In polar and exponential form, the modulus and arguments have special importance. We will also 
learn the equations of standard Loci in complex and the way to find n" roots of any complex number using De 


Moivre's theorem. In the end, we will discuss the one-one correspondence between the complex plane and the 
sphere of unit radius. 


0.1. DEFINITION OF COMPLEX NUMBER 

A number of the form a+ ib, where a, b are real numbers and j = J-1, is called a complex number. A 
complex number can also be defined as an ordered pair of real numbers a and b and hence can be 
written as (a, b), where the first number denotes the real part and the second number denotes the 
imaginary part. If z=a+ib, then the real part of z is denoted by Re(z) and the imaginary part of z is 
denoted by Im(z). For example, 5+ 3i,-1+i,0+4i,4+0i etc. are complex numbers. A complex 
number, z=a+ib is said to be purely real if Im(z)= 0 and purely imaginary if Re(z) = 0. The complex 
number 0 =0+i0 is both purely real and purely imaginary. 

Two complex numbers are said to be equal if and only if their real parts and imaginary parts 
are separately equal, i.¢., a+ib=c+ id implies a=c and b=d. However, there is no other relation 
between complex numbers and hence, the expressions of the type a+ib * (or > ) c+id are 
meaningless. 


(i) Euler was the first mathematician to introduce the symbol i (iota) for the Square root of —1 with 
property i? =—1. He also called this symbol as the imaginary unit. 


(ii) For any positive real number a, we have J—a = J—1xa =V-1Va =iva 


(iii) The property Javb = Jab is valid only if at least one of a and b is non-negative. If a and b are both 
negative, then JaJb=—,/lal.\bl- 


(iv) Every real number is a complex number. 
(vy) 0=0+i0 is both purely real and purely imaginary number. 


(vi) Integral powers of iota (i): Since i = V—1 , hence, we have i? =-1,i =-i and i* =1. To find the 
value of i" (n>4), first divide n by 4. Let q be the quotient and r be the remainder, 
Le, n=4q+r, where 0<rs3 
hai =") =) =i 


In general, we have i” =1, 1°"! =i, i" =-1, i" =-i, where n is any integer. 


a 
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0.2. | ALGEBRA OF COMPLEX NUMBERS 
The sum, difference, product and quotient of any two complex numbers is a complex number, 


; ; z 
ie, for any two given complex numbers z, and Zy, 2% +29 % ~ 22 % 229 7 #0) are complex 
2 


numbers. 


Algebraic operations with complex numbers: 
Let z, =a+ib and z,=c+id be two complex numbers. 
Addition (z, +2) : (a+ib)+(ct+id)=(a+e)+i(b+d) 
Subtraction (z, — z,) : (atib)-(ctid)=(a-c)+i(b-d) 
Multiplication (z,.z,) : (a+ib)(c+id)=(ac—bd)+i(ad+be) 


Division [:] ;a+ib (where at least one of c and d is non-zero) 
etid 


<p 


atib _(a+ib) (cid) _(ac+bd) , i(be-ad) 


ctid (c+id) (cid)  c+d? | ctd? | 


Properties of algebraic operations on complex numbers : 
Let z,,z,and Zz, be any three complex numbers, then their algebraic operations satisfy following 
properties : 

(i) Addition of complex numbers satisfies the commutative and associative properties, 
ie, 2, +2) =2, +2, and (z,4+2,)+2, =4+(z, +2). 


(ii) Multiplication of complex numbers satisfies the commutative and associative properties, 
ie, 2,2, = 2)2, and (Z,2,)Z5 = 2 (2223). 


(iii) Multiplication of complex numbers is distributive over addition, i.e., Z,(Z, + 23) = 2,Z, + 2,23 and 


(Zq +23 )Z = 22% + 232- 
(iv) z+0=2 (0 is additive identity) 
) z+(-z) =0 (-z is additive inverse) 


(vi) z.l=z (J is multiplicative identity) 
(vii) gle =1 ra is multiplicative inverse) ; z# 0 
Zz z 


0.3. COMPLEX PLANE 
The complex number z= a+ ib=(a, b) is represented by a point P whose coordinates are referred to 
rectangular axes xox’ and yoy’ which are called real and imaginary axis respectively. This plane is 
called Argand plane or Argand diagram or complex plane or Gaussian plane. 


COMPLEX ANALYSIS 


Iel= va? +h? 


Imaginary axis 


Real axis 


0.4... CONJUGATE OF A COMPLEX NUMBER 


Definition: If there exists a complex number z=a+ib;a,beéR, then its conjugate is defined as Z=a-ib. 
y 


Imaginary axis 


@ 
-@ Real axis 


+2 7-3 
Hence, we have Re(z) = oe and Im(z) = a 


Geometrically, the conjugate of z is the reflection or point image of z in the real axis. 


Properties of conjugate : If z,z,and z,are existing complex numbers, then we have the following results: 
() @=z (i) 7+m=%+% 
(iv) 2,2, = 3%. In general, %.2,.2)..2, = 422%, 


(iii) z4-2, =% -2, z 


) () ae 00 Wi) @" =") 


22) 2, 
(vii) z+Z=2Re(z) =2Re(z) = purely real (viii) z—% =2i Im(z) =purely imaginary 
(x) 2,2, + 7,2, = 2Re(z,Z,) = 2 Re(Z,z,) 


(ix) 22 =|zP? Zl =purely real 


0.5. | MODULUS OF A COMPLEX NUMBER 
Modulus of a complex number z= a+ ib is defined as a positive real number given by |zEVd +8, 
where a, b are real numbers. Geometrically, |z| represents the distance of point P from the origin, i.e, 


|z| = OP. 
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fo 


If\zl&1, the corresponding complex number is known as unimodular complex number. Clearly, z 
lies on a circle of unit radius having centre (0, 0). 


Properties of modulus: 
() |z|20=>|<| =0 if z=0 and \zI>0 if z#0 


(ii) -|z| < Re (z) $|z| and -|z|<Im(z)s|z| 


(id | |=[2}=|-<|=|-z| 4! 


(iv) Z =|2[° =1ZP 


() | 42, [=| 2] [2 |- te general, | z,2225..2,|=|21|| 22 || zl 2 | 
wi) 2)" (20) 
23 |z,| 


(vii) |z" l=lzl",nEN 


gee 2. ae a 2 2 > se 
(viii) |z,z,| = (2, £2, )(2 £Z,) lz, +12, Ft (2,2, +2,%) =1 2, P +12, P 2Re(z,Z,) 


(ix) |4+% [ =| al + al= . is purely imaginary or ne 2) =0 
2 


@) |4+ze/f 42-2 =| al + alt (Law of parallelogram) 


|z, +2z,|S|z+|z,| 


(xi) ||z,|-lzal 


ae | 
GiIZE Le Z=— 


1/\ 
i 
| 
3 


0.6. 


0.6.1. 


ae | 
(xiti) Z7 =—— 
IzP 


(xiv) re’? =r 


ARGUMENT OR AMPLITUDE OF A COMPLEX NUMBER 


Let 2=a+ibbe any complex number. If this complex number is represented geometrically by a 
point P, then the angle made by the line OP with real axis is known as argument or amplitude of z and 


is expressed as Arg (z)=0= wn'(2) 0=ZPOM 
a 


Pla, b) 
; Izl=va? +b? 


Imaginary axis 


Real axis 


y’ 


Also, argument of a complex number is nol-umsgue, since if.9 is a value of the argument, then so is 
2nz+0, where neZ 


& 


Principal Value of Arg (z) : The value @ of the argument, which satisfies the inequality -1<O<7 


(acute angle) and principal values of 


is called the principal value of argument, where 0 = tn"? 
a 


argument z will be 6,2-0,-2+6 and —@ as the point z lies in the I", 24, 3 and 4" quadrants 
respectively. 


oa He oe 


COMPLEX ANALYSIS 


Notation: General argument of z is denoted by arg(z) and Principal argument ofz is denoted by A rg(2). 


Note: 
(i) Principal value of argument of any complex number lies between —fand f i.e., Ge (-2, 7] 


(ii) Argument of a complex number is a many valued function. If @ is the argument of a complex 
number, then (2n2+6), n€Z is also argument of complex number. However, the principal 
argument of complex number is always unique. 

(iii) Argument of zero is not defined. 

(iv) If a complex number is multiplied by iota (i), then its amplitude will be increased by ; and will 


be decreased by =, if it is multiplied by (-i). 
2 


Properties of arguments (amplitudes): 
(i) amp (any real positive number) = 0 + 2nt; neZ 


(ii) amp (any real negative number) = T+ 2nt; neZ 


= 5 nmne Z,if y>0 
(iii) ampiiy) = 
F + onaine Z.if y<0 


(iv) amp (z) + amp (Z) = 0 +2nm; neZ 


(vy) amp (z- 7) = iS +2nn; nEZ 


(vi) amp (z, . 2,) = amp (z,) + amp (z,)+ 2nm; nEZ 


(vii) amp (=] = amp (z,) — amp (2,) +2nt; z,#0, nEZ 
z 


1 
(viii) amp (Z) = — amp (z) = amp - 


(ix) amp (-z) = amp Mtn 


(x) amp(z’) = n amp @ 


A Arent rele 


ea A pt i ND em I eh mem 
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Example: Find real @ such that the complex number, z = 2+ icos 


1-4icos 6 ou 
(i) Purely real (ii) Purely imaginary , 
Solutions: Givens = 2+icos 0 e (2+icos 0)(1 + 4icos @) z 2-4cos’6 . 9c0sO 


: - = + 
1-4icos@ (1-4icos 0)(1 + 4icos 9) 1+16cos’@ T+ 16cos @ 
| 


(i) z is purely real =>Im(z) = 0 
=>cos@ =0 => 8=(2nt!1) = neZ. 


(ii) z is purely imaginary => Re(z) = 0 
=>2-4cos’ 8 =0 =cos’ 6 ie in caste 
2 4 


= 0=Innt=,nez 


0.7. SOME REPRESENTATIONS OF A COMPLEX NUMBER 
A complex number can be represented in the following forms: 


ay) Geometrical Representation (Cartesian representation): The complex number z = a + ib =(a,b) is 
represented by a point P whose coordinates are referred to rectangular axes xox’ and yoy’ which are 
called real and imaginary axis respectively. We can also say that a complex number z represents a 
vector because it has magnitude as well as direction. 


Imaginary axis 


Real axis 


y’ 


Fig (a) 
Distance of any complex number from the origin is called the modulus of complex number and is 


denoted by |z|, i.e., 1z j=Va2 +b’. ( Angle of any complex number with positive direction of x-axis is 


-1{ 6 
called amplitude or argument of 2, i.€., amp (z)=arg (z)=tan (2) } 
a 
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(2) Trigonometrical (Polar) Representation: In Fig(a), consider AOPM, let op =r, then a ‘ eae and 
b=rsin@. Hence, z can be expressed as z= r(cos8+isinO), where r = |z| and ® = principal value of 
argument of z. For general values of the argument z= rcos(2nz + 0) + isin(2nz + 6)]. 

Sometimes, (cos 6 + isin @ ) is written in short as cis 0. 
(3) Vector representation: In Fig (a), if P is the point (a, b) on the argand plane corresponding to the 
complex number z= a+ib. Then OP =ai + bj. 
“+ 1OP l= Va’ +b? =121 and arg (z) = direction of the vector OP = ian?) 
a 
(4) Eulerian representation (Exponential form): Since we have e'” = cos@+isin@ and thus z can be 


a 
expressed as z= re'”, where |zl=r and 6= arg (2). 


0.8. USE OF COMPLEX NUMBERS IN CO-ORDINATE GEOMETRY 


(dd) Equation of a Straight Line : 


@) Parametric form: Equation of a straight line joining the points having affixes =, and Z is 
z=tz,+(1—-r)z,, where reR. 


(ii) Non-parametric form : Equation of a straight line joining the points having affixes z, and Z, 
2 z il 
is|z, 2 WO 2(Z,-2,)-Z(z, -2,) + 2,2, — 2,7, =0. 
Zax Zz 1 
ag 5 2-% 


(iii) General equation of a straight line: The general equation of a straight line is of the form 
az +az+b =0 where a is complex number and b is real number. 


(2) Area of a Triangle: Area of triangle ABC with vertices A (z )» B (z,) and C (z,) 


is given by 
Qype 
A=-|z, Z, | 
4 _ 
Zz 2 | 


(3) Condition for Collinearity: Three points z, z, and Z, will be collinear if th ‘ 
az,+ bz, + cz; = 0 (a, b and care real), such thata+ b + ¢ = if there exists a relation 


0. In other words, three points z,, z 


oe Zz, and 
z, are collinear if |z, z, \\=9 
z,; 2 | 


skint enn Aen memaee 
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0.8.1. 


0.8.2. 


0.8.3. 


matte sheet 


Equation of a Circle: 


@) The equation of a circle whose centre is at point having affix z, and radius r is \2~-z,|=r 
(ii) If the centre of the circle is at origin and radius r, then its equation is | zl=r. 
(iii) | z-z9l<r represents interior ofa circle\ z-z)|=r and\z-z)|>r_ represents exterior of the 


circle|z-z,l=r. 


P(2) 


(iv) General Equation of a Circle: The general equation of the circle is 22 + az +z + b = 0, where ais 
complex number and be R. 
-. Centre and radius are — a and yiat respectively. 

(v) Equation of circle in diametric form : If end points of diameter are represented by A(z,) and 
B(z,) and P(z) be any point on the circle then, (z— z,)(Z — Z,)+(z — 2) (Z- Z,)=0, which is 
required equation of circle in diametric form. 


Triangle Inequalities: 

In any triangle, sum of any two sides is greater than the third side and difference of any two sides is 
less than the third side. By applying this basic concept to the set of complex numbers we are having the 
following results: 

() lz,+z,1slz,l+tz, | (2) 1z,-2,1S1z,l+lz, 1 


(3) 1z,+z,12|1z, 1-1 z,! (4) |z,-2,12|Iz,l-1z, | 


Geometry of Complex Numbers: 
(i) Distance Formula: Let z,=x,+iy, and z,=x,+ iy, be two complex numbers represented by points 


Pand Q respectively in frame plane, then 


(4 -x,) + Qg=y)0 = |(x,-x) + 10%)—¥/)| = |22-2)] 
ER Ter . “ m,Z, +m, pare 
(ii) Ifz divides segment joining z, and z, in the ratio m,:m), then z= Mie. *™2 internal division) 
m, +m, 
ze ee 4 ya ar 5 Se page 
(iii) arg $32 |g = A =| TN fom exponential form of 2) 
27% 2272 [%2 7% 


Standard Loci in the Argand plane: 

Ifz is a variable point and z,,2, are two fixed points in the argand plane, then 

() |z-z,l=lz—z, => Locus of z is the perpendicular bisector of the line segment joining z, and z, 
(ii) |\2-z,l+1z—z, l=k, where k> |z,z,|, represents an ellipse with foci at z, and z,. 

(iii) |\z—z,|4+lz—-z, l=lz,-Z, |=> Locus of z is the line segment joining z, and 2. 

(iv) 1z-z,l-lz—z, l=lz,—-z, |= Locus ofz is a straight line joining z, and z, but z does not lie 


between z, and z,. 


a 


EEE 


<> 
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(VY) lz-z,I-lz-z, Ek, where k < |z -Z,| represents hyperbola with foci at z, and z, 
i) |[o~o.P . , iti 
(Wi) Iz-z,F +1z-z,P=1z,-2,P => Locus of z is a circle with z, and Z, as the extremities of 
diameter. 


0.9. DE MOIVRE’S THEOREM 
(1) If n is any rational number, then (cos +isin0y' =cosnO+isinnd. 
(2) If z = (cos 6, + isin 8,) (cos 0, + isin 8,) (cos @, +isin 8,) .- (cos 8, +ésin 6,) + then 
z= cos O, + 0,40, +... + 6,) +isin(G +0,+0, +...+0,). Where 0,,03,0;....0, € RB. 
(3) If z=rcosO+isin@) andnisa positive integer, then 
2s reo HE*8) sof “nse where k =0,1,2,3,...,.(2—-I- 


n n 


0.10. SERIES EXPANSION OF SOME TRIGONOMETRIC FUNCTIONS 


3 5 2 4 
xXx F xk 
x-—+—-...©=sinx 1—-—+—-...0© =cos x 
3! 5! 2! 4! 
3 5 2 4 
3 8 rx 
poh ee eo 'sinh x 1+—+—+...00=coshx 
3! #5! 2! 4! 
(Gregory Series) 
3 5 x . 41 1 l+x 
x-—+—-...0=tan x x+—+—+...00 = tanh” x= log —— 
3 3 2 l-x 


0.11. ROOTS OF A COMPLEX NUMBER 


0.11.1. n" Roots of a Complex Number z: 
Let z=r(cos 8 +isin@) be a complex number. By using De Moivre's theorem, n" roots having n 


sin 
n n 


distinct values of such a complex number are given by 2" =,"! cos 2kR+O | 2ke+ “I 


where k =0,1,2,...,(n—-1). 


Properties of n" roots of z: 
! 2a 
(i) All roots of z" are in geometrical progression with common ratio e " 
1 


(ti) Sum of all roots of z" is always equal to zero. 
1 


(iii) Product of all roots of z"= (-1)""z. 
1 
= 1 
(iv) Modulus of all roots of z" are equal and each equal to r“"" oy Fa 
. 
(v) Amplitude of all the roots of z" are in A.P. with common difference 2 


_ - — 
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1 
yy olin ys . . 
(vi) All roots of 2" lies on the circumference of a circle whose centre is origin and radius equal to\z\". 
Also, these roots divides the circle into n equal parts and forms a polygon of n sides. 


0.11.2. n" Roots of Unity: 


th . . , isi 
n" roots of unity are given by the solution set of the equation 2" =1=cos0+isin0 = cos2kz + isin 2ka 
z=[cos 2ka+isin 2kz]!/" 
2ka .,. 2k 
z=cos——+isin kn , Where k =0,1,2,...,(n—-1). 
n n 


Properties of n" roots of unity: 


‘ OI in OM 
(i) Let @=cos—+isin— =e!” n” roots of unity can be expressed in the form of a 
n n 


sequence, i.e.,1,@,@,...,a@""'. Clearly, the sequence is G.P. with common ratio @, i.e., eo, 
(ii) = The sum of all n roots of unity is zero, i.e., 1+ a@+ a+..ta”'=0. 
(iii) Product ofall n roots of unity is (-1)"". 


(iv) Sum of p" power of n roots of unity 
It+a@’+a’+.tar” -| 


th . . ° Pr) . 
The n, n" roots of unity if represented on a complex plane locate their positions at the vertices of 
a regular polygon of n sides inscribed in a unit circle having centre at origin, one vertex on 
positive real axis. 


0, when p is not multiple of n 


n, when p is a multiple of n 


0.11.3. Cube Roots of Unity : Cube roots of unity are the solution set of the equation z>-1=0 
; sme 2ka .. ( 2kx 
=> z=(1)?} > z=(cosO+isin 0)?=> ae ae cs , where k =0,1,2 


2x .. 22 a .. 4X | e2t3 pAzul3 
Therefore, roots are Loos ten age ge or 1, 1 : 


Properties of cube roots of unity: 
(i) 1+a@+@° =0 
(ii) w@ =1 
a 0, if n is not a multiple of 3 
(iii) 1+@" +0" = 
3, if nis a multiple of 3 
(iv) The cube roots of unity, when represented on complex plane, lie on vertices of an equilateral 
triangle inscribed in a unit circle having centre at origin, one vertex being on positive real axis. 


(v) A complex number a+ib, for which \a -bl=1:V3 or V3 :1, can always be expressed in terms of 


10,a’. 


(vi) Cube roots of — 1 are — 1,-0,-@. 
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6.11.4. Fourth Roots of Unity: 4 0 
The four, fourth roots of unity are given by the solution set of the aaa 
>(2-1(2 +1) =0 > zat, ti 
Fourth roots of unity are vertices of a square which lies on coordinate axes. 


Example. Determine the n, n” roots of unity 


Solution. 1 = 1 exp [i (0 + 2kT)] (k= 0, £1, £2 ...) 


u Ik 2k 
I" =exp j(2+2#2)| =exp( 2 | (k = 04,2)... -1) 
n n n 


Thus, the n, nth roots of unity are given by exp ( 2) (k =0,1,2,....2-1) 
n 


n 


20 
: 23 1 Pe F 
These roots are simply, 1,W,,W,,W,)....W, » where w,, = Xp ( rd 
n=3 n=4 


The cases when n = 3, 4 and 6 are shown in the figure, where w," =1 


0.11.5. Powers of Complex Numbers: 
To find the value of any power of a complex number z = x + iy first we express z into the polar form, 


ie, 2=xt+i y =r (cos® +isin®), where —%< <1, then we use De Moivre's theorem to find 2", 
ie. 2" =r" (cos® +i sin®)" =r" (cos n@ + isin n®) 


0.12. EULER'S FORMULA 


e”® = cos + isin® (1) and &” =cos0-isin® 


e409 ei? _ 99 
From (1) and (2), cos® Top. and sin® = ae 
= cos n® +isinn® and (e®)" = e® = cos nO 2266 HO 


...(2) 


. 8 (n8, 
Thus, for an integer n, (e°)" =e” 


PRACTICE SET 


Exercise I. Polar form of -3i is 


a 3a at 
(a) V3e? We . (c) 3e? 
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L+itan( 2) 
Exercise 2, Re) —__\2/| js 

a) 

— tan] — 

2 


\(o¥ eos 8 (b) cos($] (c) sin ® (d) sin (2) 


Exercise 3. If |z| = |z— 1, then 


(a) Rez=1 (bYRez=4 () Imz=1 if} torea 
. 2 2 


Exercise 4. The solution of the equation |z| - z = 1 + 2i is 
‘ 3 3 -3 
(a) 1-2: (b) 2-=i Cc) — + 2i Ad =-2i 
5 (c) Pica AA) 9 
Exercise 5. Principal value of arg (1 + i) is 
Exercise 6. |z—2i| + |z + 2i| = 6 is a/an 


(a) circle (b) straight line (cj ellipse (d) hyperbola 


1 1 
Exercise 7. The value of (@ +@' + aes eee 5} where @ is cube root of unity, is 
oOo Oo 


(a) 1 : Ab) 0 (c) 2 (d) none of these 


Exercise 8. If 1,,,Q;,Q,;,....0,_, are the n nth roots of unity, then the value of 
(1-0,)(1-, )(1 -@; )...1-@,_) ) is 


wn (b)1 ()0 (d) 2n 
0.13, SPHERICAL REPRESENTATION OF COMPLEX NUMBERS (STEREOGRAPHIC 
PROJECTION) 


Let P be the complex plane and consider a unit sphere S (radius one) tangent to plane P at z=0. The 
diameter NS is perpendicular to P and we call points N and S the north and south poles of S. 

Corresponding to any point A on P we can construct line NA intersecting S at point A’. Thus to each 
point of the complex plane P there corresponds one and only one point of the sphere S and we can 
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represent any complex number by a point on the sphere. For completeness, we say that the point N 
itself corresponds to the “point at infinity" of the plane. The set of all points of the complex plane 
including the point at infinity is called the extended complex plane. 


The above method for mapping the plane on to the sphere is called stereographic projection. 
We have the following result, 


4 ; Pee Poygh aa 
Important Result: Under the stereographic projection of points on the unit spherex’ +y +z =] in R’ to the 
extended complex plane z = x + iy, the point z =x + iy corresponds to the point 


2x 2y xityt-l : int (X. Y, 
7 ; Zz , : : on the sphere. Conversely, any point (X, ¥, Z) on the 
x ety thi xr tyre] xr gt ysl 
sphere corresponds to the complex number peels 
1-Z 


0.14. CHORDAL DISTANCE 
Let z, and z, in the argand plane corresponds stereographically to z, and z, respectively. Distance 
between z, and z,, denoted by X(z,,2,) is referred to as chordal distance between z, and z, 
In other words, the chordal distance between two complex numbers is defined as the distance 
between corresponding points on sphere. This is always less than or equal to the diameter of the 
sphere. Chordal distance %(z,,z,) between z, and z, is calculated by the following formula 


XZ p22) = rae ae 

Jltlz Pxqtelz,P 

Iy-z,1 
IX 2)2)=1, then. = 1 
Viz, P xyHlz, F 

= le)-2) = fire P fl = - 22-2) = (41a, P12, P) 
=> 43-4%-24t% %= 14534454425 4 > 2,2) +22, +2,2)2,2, +1=0 
e 21%, (22% +i + (222) +) = o> (2,2, +1)(232, +1)=0 
=> 74%,=-l> %%=71 
Thus, if on the sphere two points z, and z, are diametrically opposite, then 22, =-1 


Note: Chordal distance between z and © is denoted by ¥(z,°) and is given by X(z, 00)=1/ 1 


yitizP 


For Example. Find the chordal distance between z,=1 +i, z, =00 


Soluti Chordal distance 7(z,%) = orl ae EU. eel 

‘olution: : mut ce 

Antipodal Points: 
Two points 2Z,,Z,€ C are said to be antipodal points if their chordal distance is equal to the diameter 
of the sphere. 


@ Two points Z,, 2, are antipodal iff z,z, =—1. 


@ Two complex numbers Z, and z, are said to be positionally equal, if z,|=|z, and 
arg(z,)-arg(Z)=2n a,neZ 


PDO nn eee 
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KEY POINTS 


Ifz is a complex number, then 


> 


> 


Vv 


Vv ov 


2+2=2Re(z) and 2-z =2ilm(z) 
> 2 
=f 
Triangle inequality : \\ z,|\-| z,ISlz+z,1slzl+lz, 1 


arg (z,2,)= arg(z,)+ arg(z,)+2nz 


are =| =arg (z,)- arg (z, )+2nz, where z, #0,nEZ 


2 


arg (0) is not defined 


|e-z|+|z ='Z5 |= k, where k >|z, — z,| represents an ellipse with foci at z, and z, 


represents the line segment joining z, and z. 


lz-z|+\z-z, |= \z,- zp 


=k where 0<k < |z,- Z,| represents hyperbola with foci at z, and z_ 


7—7 
a7 4&9 


|z-z|- 

De Moivre’s theorem : For any rational number n, (cos @ + isin 0)" =cosn@+isinn@ 
A : 

Sum of n" roots of unity = 0 


Product of n" roots of unity = (-1)"' 


SOLVED QUESTIONS FROM PREVIOUS PAPERS 


Example 1. If z, and z, are distinct complex numbers such that |z,|=|z,| =/ and z,+z,=1, then the triangle in 
the complex plane with z,, z, and -1 as vertices (CSIR UGC NET JUNE-2013) 


(a) must be equilateral (b) must be right-angled 
(c) must be isosceles, but not necessarily equilateral (d) must be obtuse angled 


Solution: ke z, =-W=—-—, % =-W = -+ 
‘olution: (a) Take z, Qo aS 2 2 


1_v3i ee eee 
pai 


<3 


Here |z,| = |z,| = 1 andz,+z,=1 
Evaluate | z, — 2, |,1 2, — 2; land|z,—z,| 


Iz, -—z, l=1z,-z,l=Ilz,-z,! 

=> length of three sides of a triangle are equal. 

=> The triangle with z,,z, and —1 as vertices is equilateral. 
So options (b), (c), (d) are incorrect 

We are left with option (a) which is correct one. 


where z is a complex number and j= V-1, is 
(CSIR UGC NET JUNE-2013) 


(a) 15 (b) 45 (c) 30 (d) 20 


Example 2. The minimum possible value of |z|’+|z-3 |?+|z-6i ie 


Solution: (c) We will find the minimum possible value of I2\? + \z-3|7 + \2-6i|" 
Let f(z) = |el’ + |z-3)" + |z-6il? 


For finding minimum value of f(z), we will find centroid of the triangle with vertices (0, 0), (3, 0) and 


(0, 6) 
(0,6) 
(0,0) (3,0) 
_, (0+3+0 0+0+6 
Conroid-{ ; o+0#8) 9) =>z=1+ 2iwill give minimum value. 


Putz = 1+ 2i in f(z), we get 
fd +2) =(1+4) + (444 + (1+ 16) =5+8+ 17= 30 


So minimum value of f(z) = 30 


.". option (c) is correct 
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ASSIGNMENT - 0.1 


NOTE: CHOOSE THE BEST OPTION 


1. The expression (cos ® + i sin 8)" is equal to 


(a) cos n8-i sin n® 
(of cos nO+i sin n® 


2. If Zis the complex conjugate of z, then 
(a) zz= z 


(c) == |2I 
Zz 


(b) cos n® + sin n® 
(d) cos n® — sin n® 


AB) Zz = |e)’ 


(d) none of these 


3. For the complex numbers z, and z,, the triangle inequality states 


tz| + |z,| 2 |z, + z,| 


(c) |z,+z,|=az,+bz, , where a, b are constants 


(b) |z,| + \z,| $|z,+z,| 
(d) none of these 


4. For the complex numbers z, and z, arg (z,/z,) is equal to 


(a) arg z, + arg z, 
(c) arg z,/argz, 


‘ byarg Z,— arg Zz, 
(d) none of these 


5. For the complex numbers z, and z,, arg z, + argz, is equal to 


Marg (2,2,) 
(¢) arg (2, —z,) 


6. The reciprocal of a + ib is equal to 
1 ; 
eT a 


a’ j b? 
ath a’ +h’ 


7. Arg (z) + Arg (z), whenz# 0 is 
LV (b) -T/2 


8 Value of Arg is 
(a) real 
(c) -1 


9. The value of Re fiz) for f@) = 2iz + 6zis 
(a) 6x + 2y 
(c) 6x/2y 


(b) arg (z,/z,) 
(d) arg (z, + z,) 


(c) T/2 (d) xi 


(d) I 


wi - dy 


(d) none of these 
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10. The value of f(z) = 6Z+2iz at z= 1/2+4i is 


(a) +(5 + 23i) (b) 5-231 
V4) ~(5 + 231) (d) none of these 
11. The correct polar form of the complex number | — i is 
xj f; ” x, 
(a) V2 e* (be! woke (et 
os 4 
12. The value of ee is 
cos@—isin@ . 
(@l (b) 0 (c) cos 49—isin 48 (d) cos 80+i sin88 v 


NOTE: MORE THAN ONE OPTION MAY BE CORRECT 


13. Which of the following statement is/are true for complex number z? 


Gf Rez= 5(2+2) yim z= Lee 2) 
YO || = lel (d) |e|’ =z 


14. Which of the following statement(s) is/are true? 
(a) The multiplicative identity is not unique 
rae Multiplication in C is associative 
(JNCZCQcRcC 
(dySum of two complex numbers is always a complex number 


15. Ois 
(af purely real ‘purely imaginary 
(c) imaginary but not real - (d) real but not imaginary 


16. Letz =x + iy, and Z be its complex conjugate, then for y = 0 and x=1 


(z= 7 ifz=1 


z 
()z=-Z (D) none of these 
17. Letz, =x, + iy, andz,=%,+ V2, then 
JA Rete, + 2,) = Re(z,) + Re(2,) (b) Re(z, + z,) = Ree,) 
(c) Re (2, + 2,) = Re(z,) 4S Re(2,-2,)=Re (2 J-Re(z,) 


18. If Zis the conjugate of z, then 
JO \21 =e @)I2\ 
(21> lal ee 


sempmeeeeimentendeeneeteenemeimeeeeeeeenenem ee 
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ASSIGNMENT - 0.2 


NOTE: CHOOSE THE BEST OPTION 


1. Complex form of V3 + 4i is 


(a) V3+i (b) 2- i 
se +i (d) J3~ i 
2 (1-@+@)°+ (1 + @-@’)’, where @ is cube root of unity, is equal to 
(a) 64 fy 32 
(c) 16 (d)8 
3. Principal value of argument of (cos1200° +i sin1200°) is 
(a) 300° (by 120° 
(c) -150° (d) 180° 
4. Arg (-1 + V3 i) equals 
(a) T/3 (b) 1/6 
 (y2N/3 (d) 51/6 
5 (1+ is? +(1-i)”? = 
(a) =] (b) 1 
ey 0 (d) 2 
6. Let C be the set of complex numbers. Let for any z = (x, y) in C, z. Z =z, then Z is equal to 
(a) (0, 1) .(b) (1, O) 
(c) (-1,1) (d) (1, 1) 
7. (sin ® + i cos @)° = 
(a) sin 68 + icos 68 (b) cos 68 —i sin 68 
—cos 68 + i sin 68 (da) sin 68 —i cos 68 
4+3i x 
8& If —— =x + iy, then —is equal to 
baa eee 
wx (b) 1 
4 4 
ad ‘d) = 
O% me : 
6 : 
9. The polar representation of (#5) is 
(a) 2 cos (N/2 + i sin T/2) (b) 4 cos (1/2 + i sin T/2) 
(c) 2 (cos™% + isin T) ~(@) 4(cos 1 + i sin N) 


_ 
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NOTE: MORE THAN ONE OPTION MAY BE CORRECT 


10. Which of the following is false for the set of complex number C. 


(a) + iB > 0 + iB, fa>oandB<o _ (b) Transitivity law holds in C 

_(0) Trichotomy law holds in C (d) a+ iB = + 8 if a= yand B= 
11. For complex number z, \z+5|’ + |z-5|’ = 75, does not represents 

(a) a circle (b) an ellipse 

(fa triangle Ady a straight line 


12. Ifz,and z,are two complex numbers, then \z, + Z| =|z,|+|z,| if 
VB 2, = 2, 
(-z,=0 


(r= Az,, for some real number A, A>0 
(d¥Z, z, =0 or z, = Az, for some real number A, A>0 


13. Which of the following is true? 
Re(z, + z,) = Re(z,) + Re(z,) (b) |z, +22 |z,| + iz F F 
We 23) = le Ia Bz, + 25)? + lz, - 25)" = 22,0? + ea} 


ASSIGNMENT - 0,3 


NOTE: CHOOSE THE BEST OPTION 


‘Ati 
L Ifz= a then the expression 2z' — 2z’ + z+3 is equal to 


2. The system of equations |z + 1 + i| = J2and |z| = 3 has 
no solution (®) one solution 
(c) two solutions (d) three solutions 


3. tae z,=1+ i,2z,=1-i andz,=2+ i represents a triangle whose area is 
1 


(b) 2 
(oc) 3 (d) 4 
4. The stereographic projection of complex number i on the sphere touching xy-plane and centre at (0,0,1/2) 

is given by ; 

11 Lo 

=,70 =,0,— 
o(3.40] o ($0.5) 
wfo 2 | : (A) (0,0, 1) 

"2 , 0, 


5. By stereographic projection with the south pole at the origin (0,0,0), the point (1,0,0) goes to the complex 


number 
z=l1 (b)z=1+i 

(z= 1-i (d)z=-1 
6. The value of \z|, when iz’ +z’-z+ i =0,is 

ot (B) i 

() 0 (d) 2 
7 |z+i|-|z-i| =krepresents a hyperbola if 

(a)-2<k<2 (b)k>2 

W0<k<2 (2<k<4 


8 The region of Argand diagram |z-1|+ |z+1|S 4 is bounded by 
(b) parabola 


(d) none of these 


(a) circle 
Gellipse 


-0 
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9. |z+4i| + |z—4i| = 10 represents a/an 


(a) parabola (b) circle (cYéllipse (d) hyperbola 
10. Match the following, 

(A) |z—4i|’ + |z+4i? =10 1. Ellipse 

(B) \z—4i[’ +|z+4if =10° 2. Straight line 

(C) |z-4i’ -|z+ 4il’ = 10 3. Circle 

(D) \z-—4i| + |z+ 4i| =10 4, None 

A B C D 

oa a a | 

(b) 4 3 1 2 

(o) 1 2 3 4 

(d) 1 2 4 3 
11. Ifz, =1r,(cos 8, + isin 8) and z, =r, (cos 9, + isin ®,), then which of the following is true? 

laf fz, + 231’ + lz, — 2)" = 2MeN" + 1) (b) \z, + 2,)° + lz, ~ 251° 2 22,1" + [2,1°) 

(c) |z, + z,|° + |z, -2z,)" s 2(lz,!’ + Iz,)”) (d) |z, + z,|’- 2) 2, = 2(1z,\" a lz,|) 


1 3 3+4i) 
12. The amplitude of the complex number = +--—— - | is given by 


—2i 1+i/)\2-4i 
(a) tan’'6 ae 
(c) tan’ 3 (d) tan! = 


13. If \z- 1| = 2, then the value ofzZ-z-— Z is 
(a) 4 (b) 2 (c) 1 ea) 


——| = ], thenz =x + iylieon 


ie ee axis (b) the straight line x = 5 
(c) the straight line y = 5 (d) a circle passing through origin 
35 200 
Eh wa aE: v3 then 
15, [fz [$40 ( 5 i ; ; 
Re (z) < 0 (b) Re(z) = 0 
(c) Re (z) > 0 (d) none of these 


16. Let z, and z, be two complex numbers with Qand B as their principal arguments 
Arg (2)Z,) is given by Such that &+B>x then 


(a) 0.+B (b)a+B-m (Ja+B+n t+ Bom 


17. If @ is an imaginary cube root of unity, x= a+b, y =a + boy and: 


=z aw’ + 
(a)at+b (ba +b (c) a’ + bf 


siti Xyz equals to 


emcee : a 


i 


18 Ifx = -2—V3 i, then the value of 2x‘ + 5x! + 7x? + 41 ig 


(A) 4+ V3 i yd - 3 i 
(c)V3 + 4i (d) J3 -4i 


19. If 1,00) are the cube roots of: daly, then (x —y) (x — Wy) (x — Oy) is equal to 
(a)x-y Q)x-y ATx' -y’ (d)x'ty 


20. Common roots of the equation z' + 22 + 2z + 1 = 0. and z'™ +2" + 1 = Ois/are 


@, @ (b) lw (c) Law (d) 1,0,0° 


21. The set of points ze € for which | z—2i|+1z+2l= 4 is the conic 
(a) hyperbola (b) rectangle (c) square df ellipse 


NOTE: MORE THAN ONE OPTION MAY BE CORRECT 


22, Complex number z such that 2’ + |z| = 


z= 0 (byt =i HE z=-i (d) z=1 
23. If I, ©, @ are the cube roots of unity, then roots of (x — 1)? + 8 = Oare 
@-!I (by1- 20 (c) 1+2.0° d)4— 20° 
24, Ifz = + 3+ ivS—2?, then the locus of z is not given by 
a straight line (b) a circle 
(c) an ellipse (da parabola 
25. The function f(z) = 2? (0S Arg 2S) is not 
(oveven (b) odd 
ef the one about which nothing can be said (dy both even and odd 


ees ue: 
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_ ANSWERS TO EXERCISES 
(PRACTICE SET) 
Exercise 1: (b) Exercise 2: (a) Exercise 3: (b) Exercise 4: (d) 
Exercise 5: 5 Exercise 6: (c) Exercise 7: (b) Exercise 8: (a) 
ANSWERS TO ASSIGNMENTS 
ASSIGNMENT - 0.1 

1. (o) 2. (b) 3. (a) 4. (b) 5. (a) 6. (d) 7. (a) 
8. (b) 9. (b) 10. (c) 11. (co) 12. (d) 
13. (a,b,c) 14. (b,c,d) 15. (a,b) 16. (a,b) 17. (a,d) 18. (a,d) 

ASSIGNMENT - 0.2 
1. (c) 2. (b) 3. (b) 4. (c) 5. (c) 6. (b) 7. (c) 
8. (a) 9. (d) 
10. (a,b,c) 11. (c,d) 12. (a,b,c,d) —_:13. (a,c,d) 

ASSIGNMENT _- 0.3 
J. (a) 2.(a) - 3. (a) 4. (c) 5. (a) 6. (a) 7. (co) 
8. (c) 9. (c) 10. (a) 11. (a) 12. (b) 13. (d) 14. (a) 
15. (a) 16. (ad) 17. (d) 18. (b) 19. (c) 20. (a) 21. (d) 


22. (a,b,c) 23. (a,b,d) 24, (a,d) 25. (a,b,d) 
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CHAPTER - 1 
ELEMENTARY FUNCTIONS 


INTRODUCTION 


In this chapter, we introduce the elementary functions in complex variables which are polynomials, rational 
functions, trigonometric, hyperbolic, logarithmic functions and complex powers. We will examine the behavior 
of each of these functions and study their properties. Let us begin with some basic definitions 


1.1. | SOME BASIC DEFINITIONS 


(1)  &-Neighbourbhood: A 8-neighbourhood of a point z, in the complex plane is defined as the set of 
points given by S={zEC.|z-z,|< 8, 8>0}, where & is called the radius of neighbourhood of z, and the set 
S is denoted by N ,(z,). A deleted 8-neighbourhood of z, is a &-neighbourhood of z, in which the 
point z, is excluded. We denote it by N5(2q)\ Z% ={ze C: 0<|z-z,| < 8} 


(2) Limit Point: A point z, is called limit point of a set S if there exists at least one point of the set S inside 
the deleted 8-neighbourhood of z, i.e., if every neighbourhood of z, contains a point of S other than 


2). Since 5 can be any positive number, it follows that S contains infinite number of points. 
It is to be noted that the limit point of the set may or may not belong to the set. 


For eg: 2) = 0 is a limit point of S = {igrgetee| but 0=z, €S. 

Also if S={z: |z|<r}, then each point on |z| = r is a limit point of S but does not belong to S. Also each 
z€S is a limit point of S. The limit point of set S is also called limiting point, cluster point or point of 
accumulation of S. 


(3) _—_ Derived Set: The set of all limiting points of a set is called derived set of S and is denoted by S’. 
(4) Isolated Points: Points in a set S which are not limit points are called isolated point of the set S. 


(5) Closed Set: A set S is said to be closed if S contains all its limit points, i.e., if each limit point of S 


belongs to S. For example, the set of all points z such that |z| <r is a closed set. 


Note: Not every point of a closed set need to be a limit point of S. 


For eg., if S={z=0 or a; n€N}, then z = 0 is the only limit point of S and since it belongs to S, SoS 
a 


is closed. However, no other point of S is a limit point of S. 
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(6) 


(7) 


(8) 


(9) 


Note: 


(1a) 


(11) 


(12) 


(13) 
(14) 


Bounded Set: A set in complex plane is bounded if each point of S lies in Iz| = R, ie., if there exists a 


finite positive number M such that |z| <M for every point in S. A set which is not bounded is called an 


unbounded set. 


Compact set: A set SC C is said to be compact if it is bounded and closed. 


Interior, Exterior and Boundary Points: 

A point z, is called an interior point of a set S, if there exists a 8-neighbourhood of z,, all of whose 
points belong to S, i.e. there exists a & > 0 such that {z€C: |z-z,| < &} CS. The set of all interior 
points of S is denoted by Int S. 

A point z, is called boundary point of S if each &-neighbourhood of z, contains at least one 
point belonging to S and at least one point not belonging to S. Thus, if z, is a boundary point of S, then 
each deleted neighbourhood of z, intersects S and its complement. The set of all boundary points of S 
is denoted by OS. 

A point z, is called an exterior point of S if there exists a neighbourhbood of z, which contains 


no point of S. In other words, a point which is neither an interior point nor a boundary point of S, is an 
exterior point of S. 


Open Set: A set S in C is said to be open if corresponding to each point of S, there exists a 
neighbourhood which is contained in S. Thus, if set S is open, then S contains all of its interior points. 
In other words S is open iff each of its point is an interior point. For example, the set of points z such 
that |z| < r is an open set. 


The complement of an open set is a closed set and vice-versa. 


Closure of a Set: If to a set S, all its limit points are added, then the new set is called closure of S. The 
closure of a set is a closed set. 


Convex Set: A set S in R’ is said to be convex set if for any two points X,, X, €S, the line segment 
joining X, and X, is contained in the set S, i.e., X= AX,+ (I-NX, CS for 0SX¥ 1. 


Connected Set: A set S is said to be connected if it can be expressed as a union of any two disjoint non- 
empty sets S,, S, such that either S, contains a limiting point of S, or S, contains a limiting point of S,. 
Hence, an open set S is said to be connected if any two points of the set can be joined by a path 
consisting of straight line segments (i.e., a polygonal path), all points of which are in S. For example, 
every interval of real axis is connected. 


Domain or open Region: An open connected set is called an open region or domain. 


Region: A domain together with some, none or all of its limit points is referred to as a region. If all the 
limit points are added, then the region is closed and if no limit point is added, then the region is open. 


carsnrcntat niretinnne ce aN cinbi tay eed 
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(15) 
1.2. 


12.1. 


1.2.2. 


Closed Region: The closure of an open region or domain is called closed region. 
ELEMENTARY FUNCTIONS 


Complex Function: f(z) is a function of a complex variable z and is denoted by w, i.e., w= f(z) =u+iv, 
where u and v are real functions of x and y and are called real and imaginary parts respectively of f(z). 


Polynomial Functions: Polynomial functions are defined by w= az" +a, 2" 4 + azta,= P(z), 
where a,# 0, 4,4, »..., Ay are complex constants and n is a positive integer called the degree of the 
polynomial P(z). 


Properties of Polynomials: 


(i) 


(ii) 


(iti) 


(iv) 


1.2.3. 


1.2.4, 


The order of a zero of a polynomial equals the order of its first non-vanishing derivative. Suppose, 
z = ais a zero of order m of polynomial P(z), then P(z)=(z-a)" Q(z), O(a)#0. Differentiating both sides 
successively m times and putting z = a, we get P'(a) = P’(a) =...= P™ (a) =0 and P™(a) #0. 


If all the zeros of a polynomial lie in a half plane, then all the zeros of its derivative also lie in the same 
half plane (Luca’s Theorem). 


If S is the set of all zeros of a polynomial, then all the zeros of its derivative lie on convex hull of S 
(Gauss Theorem). 


Let P(z)=a, +a,z2+,2° +...+a,2", where n 21 and a,#0 so that P(z) is polynomial of degree one or 
greater, then the equation P(z)=0 has atleast one root (Fundamental theorem of algebra). 


Rational Algebraic Functions: Rational algebraic functions are defined by wo where P(z) and 


Q(z) are polynomials without common zeros. w is sometimes called a rational transformation. 
The real and imaginary parts of w are rational functions of x and y. If we take P(z) = az+b and 
O(z)=1, then w=az+b is called linear transformation. 


+b : Ss . : 
The special case w = ae , where ad — bc # 0 is often called a bilinear or fractional linear 


czt+d 


transformation. 


. z x+iy Xx . 
Exponential Function: Exponential function is defined by w=e" =e" = e* (cosy + isiny), where 
e=2.71828... is the natural base of logarithms. Series expansion of exponential function is given by 
oe 2" 2! 1 
exp(z) or e&& =14+—+— +... F— HO OF (1) 
lad TS aaa on! 


Properties of Exponential Function: 
(a) e& =e =e"-e” =e"(cosytisiny) le A ere 


® e=) 


(o) ete? sett eF seth 


1.2.5. 


(: ef > 0) and arg (e)=y 


ae 4 ‘ oti HT _ ok tT) _ FF oV= F 
(d) e’ is periodic function having imaginary period 27@i,'. @ ee Cea & 


(e) Exponential form of Z= re? 
7) éso VzEC Ve |=e>0V xER 


Trigonometric Functions: We define the trigonometric or circular functions sinz, cosz, etc., in terms of 
exponential functions are defined as follows: 


sinz = 
cosz = 
secz = 


COSECZ 


_ Si 
tanz = ——~=——= 
cosz i(e*+e™) 


cosz _ i(e* +e") 


t 


cotz = — —_ 
sinZ ere 


Using the series expansion of e’, we have the following series for sinz and cosz as: 
ms 2 : 2 (-1)" 2m 
1 =zZ- — Sash, aa aaa 
3 SI (2n+))! 
2 ys 1)" pe 


=j-2 4.4 -...4+— + 
COS E -Dh At (2n)! 


Properties of trigonometric functions: 
(i) sin’z + cosz = 1 


(i) 1+ tan’z = sec’z 


1.2.6. 


(iii) 1 + cot’z = cosec’z 


(iv) sin (-z) = -sinz, cos (-z) = cosz, tan (-2) = -tanz 
(v) sin (2, £ 2,) = sinz, cos z, + cosz, sinz, 
() cos (2, + z,) = cosz,cosz, F sinz, sinz, 


rs tanz, +tanz 
(vii) tan (z,.2,) = —2—— 
1+ tanz,tanz, 


Hyperbolic Functions: The hyperbolic functions in terms of exponential functions are defined as 
follows: 


sinhz = 


Bye 
cosh z= ad 


sechz = 3 =— 2 - 
coshz e*+e* 
cosechz = —!_ = = 2 
sinhz e* 


tanhz = Sinhz _ eases 
coshz e*+e* 
cosh et+e* 
cothz = S082 € Fe — 
sinhz e*—e~* 


Using the series expansion of e”, we have the following series for sinhz and coshz as: 


3 5 2n+l 
sinkz=z+ 424.4% _4 
| emi (2n+1)! 


2n 


2 4 
coshz =1+-+~.., see oe 
2! 4! (2n)! in aa 


Properties of hyperbolic functions: \ 
@ sinhz and coshz are periodic functions with imaginary period 2 7i 

(ii) coshz is an even function while sinhz is an odd function 

(iii) sinh 0 = 0, cosh 0 = I, tanh0 =0 

(iv) cosh’z— sinh? z= 1 

() 1 -tanh’z = sech’z 

(vi) coth’z-1 = cosech’z 

(vii) sinh(-z) = -sinhz 

(viii) cosh (-z) = coshz 

(ix) tanh (-z) = -tanhz 
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(x) sinh (z,+z,)=sinhz,coshz, + coshz, sinh z, 
(xi) cosh (z, £z,)=coshz,coshz, + sinh z, sinh 2, 


(xii) tanh (z, £z,) = tanh z, + tanh 2) 
1+ tanh z, tanh z, 


1.2.7. Relations between the trigonometric or circular functions and the hyperbolic functions: 
sin iz =isinhz 

cos iz = coshz 

tan iz =i tanhz 

sinh iz =isinz 

cosh iz = cos z 

tanh iz =i tanz 


nz, called the natural logarithm of 2. Thus the 


1.2.8. Logarithmic Function: If z = e", then we write w = 
onential function and can be defined by 


natural logarithmic function is the inverse of the exp 


: +24 
w= nz = énr +i(+2kn), k=0,41,42, ..., where z = re® = re’ (keZ 


Note: The function, f(z)=Inz is defined in C\{0} and every non-zero complex number has infinitely many 
logarithms which differ from each other by integral multiples of 2ni. This implies that w=Inz is not 


function in general and is infact a multi-valued relation, with infinitely many values for each z # 0. In 
order to make w=Inz single-valued, the term principal value or principal branch of Inz is used which is 


defined as Inr+i@, where 0<0 < 2m. However, any interval, say (-T.1] of length 2n can be used. 
The logarithmic function can be defined for real bases other than e. 


fn 
and so w= ica 


na 


wina 


Thus if z = a", then w = log z, where a>0 and a0, 1. In this case z=e 


12.9. Inverse Trigonometric Functions: If z = sin w, then w = sin''z is called the inverse of sin z or arc of 


sinz. Similarly, other inverse trigonometric or circular functions cos’'z, tan''z, etc. are defined. Since 


the logarithmic function is multivalued, hence these functions too are multivalued. These functions, can 
be expressed in terms of natural logarithms as follows. In all cases, an additive constant 2kmi, k = 0 
+], +2,..., in the logarithm is omitted. 


sin'z= : én (izt+ V1-2? ) 
i 
cosec''z= én tem =) 


Zz 


cos'z = : én (z + V2? -1) 
sec’z = a tn tea fe 


z 


ee a 
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1210, 


1201. 


1.2.12, 


1.2.13. 


1.2.14, 


cot! = 4 én (4) 


zi 


Inverse Hyperbolic Functions: [fz = sinh w, then w = sinh''z is called the inverse hyperbolic sine of z. 
Similarly, other inverse hyperbolic functions cosh'z, tanh'z, etc. are defined. These functions are also 
multi-valued and hence can he expressed in terms of natural logarithms as follows. In all cases, an 
additive constant 2kni, k = 0, +1, +2,..., in the logarithm is omitted. 

sinh’z = n (z+ Jz?+1) 

cosec'z = fn [a et) 
cosh'z = én (z+ \®-1) 
fn t+Vt-2? 


z 


=) 
sech'z 


tanh''z fn (=) 


1 

a ez 
coth'z = RS én (4) 

2 z-1 
The Function z", where & may be complex, is defined as z* = e"* , since Inz=In|z|+i (0+ 2nm) where 
denotes the principal value of arg(2). 

20 = Minis i+ 2a) eins OD + Bi2nTy Ot en? erme 

Thus, in general, 2” is infinite valued and different values of 2” are obtained by giving different 
integral values to n. Similarly, if f(z) and g(z) are two given functions of z, we define f(z? =e" | 
In general, such functions are multiple valued. 


Algebraic: If w is a solution of the polynomial equation P_(z)w"+P.,,_,(z)w" re +...+P(z)wt P,(z) =0, 
where P, # 0, P,(z) are polynomials in z for alli and n is a positive integer, then w = f(z) is called an 
algebraic function of z such type of function involves only algebraic operations like addition, 
substraction, multiplication and division as well as fractional or rational exponents. 

For Example: w = z'” is a solution of the equation w’ — z = 0 and so is an algebraic function of z. 


Transcendental Functions: Any function which cannot be expressed as a solution of an equation is 
called a transcendental function. The logarithmic, trigonometric and hyperbolic functions and their 


corresponding inverse are examples of transcendental functions. 
The functions considered above, together with functions derived from them by a finite number 


of algebraic operations involving addition, subtraction, multiplication, division are called elementary 


functions. 


Monovalent Function: A function f 1C-3C is said to be monovalent if f is one — one. 


For Example. In which region e* is monovalent? 


ae eee 
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Solution: We have f(z,)= f(z.) > et =e? =>%— 2, =2nM, nez 
*. The required region is ={z lz, —z, = 2na,néZ} 


PRACTICE SET 


Exercise 1. Let E = {z € C: & = ij. Then E is 
(a) a.singleton (b) a set of 4 elements " 
(cf’an infinite set (d) an infinite group under addition 


p i ; 
Exercise 2. The set of limit points of | zeC: z=—,neZ (is 
a 


(a) fi} (by {0} (c) singleton (d) infinitely many 


Exercise 3. Principal value of log (1 + i)’ is 


nde 5 


Exercise 4, Re{(1—i)'"} is_ ‘= 


Exercise 5. Which of the following sets are convex? 
@{xyie+yv2 M{Gyly zx} (C(x, y)l3xr+4y? 55} @ (Coy) y2 2, y <4}. 


Exercise 6. The points z, = 1 + 3i, z, = 1 -3i and z,=2-3i represents a triangle whose area is 


1) 3 (b) 2 (c)4 (d) None of these 
1 
Exercise 7. The principal value of log (i+) is (GATE-2005) 
ix in ix 
ia — co) — dy —— 
(a) i (b) 7 (c) 4 (dy 3 
KEY POINTS 


> The order of a zero of a polynomial equals the order of its first non-vanishing derivative. 
> Fundamental Theorem of Algebra: Every polynomial P(z) of degree n has exac tly n roots in C. 


> Exponential function, e* is periodic having imaginary period 271 | 


iz -iz iz nz z -2 


. | Ailbaane 
, sinhz= 


ee cad 
» coshg=l te 
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> — logz = énlz|+iarg(z) 


>. Complex powers: 2" where a is a complex number can be written as e@"* 


SOLVED QUESTIONS FROM PREVIOUS PAPERS 


Example 1. Which of the following is the imaginary part of a possible value of én(li) ? (GATE-2011) 
(a) (b) 1/2 
(RM (d) 1/8 


x V2 
Solution: (c) logVi toe") = loge 
+. Im(log Vi) = 3 


Example 2. Let p be a polynomial in 1-complex variable. Suppose all zeroes of p are in the upper half plane 


H = {2 © C| Im(z) > 0}. Then (CSIR UGC NET JUNE-2015) 
im 79 forze 4b) rei? 20 forzeR 
p(z) P(z) 
(Am! O30 frze€ wintmz<d m2 50 forze Cwith Imes 
P(z) p(z) 


Solution: (a,b,c) Take p(z) = a (z—z,) (z-2,) ... (2-2), With Z), Z,,..., z, lie in H = {ze C | Im(z)>0} 
Bie) = all ipeareesn 
P(z) Az-%& 

1 Z-% _@-%)-O- DE 
z-z, Iz-z,P Iz-z, 2 
pePO Fah m2 @ 2 y_yo 

P(z) falz-yF Pz) y talz-Z% 
For option (a) 3 
Forze R, puty =0,z=x 


in? § = -y Bas = >0,asy,> Oforl<k<n 
pz) falz-z,P  fatlze-z | 


with 2=x+ ly, 2, =x, + ty, 


P 


.. option (a) is correct 

For option (c) 
P@) ex . YOM 50, as y,> Ofor 1 Sk<n and Imz <0 
Piz) talz—-% 1 


.". option (c) is correct © 
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For option (d) 


ime ao oF is negative or positive , depends on whether Imz > Imz, or Imz < Imz, 
z wi I Z- YT 


-". option (d) is incorrect 
jPOA_S Gone 5 =), 
P(z) fallz-z,P Glz-z,P 


neh. yo Yk <Q, forze Rasy,>0 
Pz) fallz-y FP fallz-z, 


=> option (b) is correct. 


Example 3. Let P(z), Q(z) be two complex non-constant polynomials of degree m, n respectively. The number 
of roots of P(z)=P(z)Q(z) counted with multiplicity is equal to: (CSIR UGC NET JUNE — 2016) 
(a) min {m,n} (b) max {m,n} (of m+n (d) m-n 


Solution: (c) Consider P(z) = (z-1)’ and Q(z)=z’. 
Thus, P(z) and Q(z) are two complex non-constant polynomials of degree m=2 and n=3 respectively 
. P(z)=P(z)Q(z) .- (1) 
=> (z-1)? =(z-1)?2? 
=> (z-1)’[]- 2*1=0 
.’. The number of roots of equation (1) counted with multiplicity is equal to 5 
.’. Options (a), (b), (d) are incorrect 


Hence, option (c) is correct. 


5 9 
Example 4. Consider the polynomial P(z) (Zee 30. , where a,,b,ER VW n, a, # 0, b, #0. Then 
n=0 n=0 


counting roots with multiplicity we can conclude that P(z) has (CSIR UGC NET DEC-2016) 
(a/at least two real roots. 14 complex roots 
(c) no real roots (d) 12 complex roots. 


5 9 
Solution: (a,b) P(z) (Sac See ,4,,b,€ R,a;#0, by#0, a polynomial of degree 14 
n=0 n=0 


= In C, all roots exist 
=> option (b) is correct 


5 9 
Now by a,z", has at least one real root and similarly Xo, 2” has at least one real root, 


n=0 n=0 
Otherwise a, and b, will no longer remain real. 


=> P(z) has atleast 2 real roots 
Thus, options (a), (b) are correct and (c), (d) are incorrect. 


——— Seana 


See eee 
Qs | ) 
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ASSIGNMENT - 1,1 


NOTE: CHOOSE THE BEST OPTION 


1, The points of unit circle |z| =1 forms a/an 
(a) open set 
(c) semi—open set 


2. The complement of the unit circle |z| = is 
\(@J an open set 
(c) neither open nor closed 


3. An annulus p, < |z—al < p, is 
\ (a) connected 
(c) semi connected 


4. The principal value of (i) is 
(a)e™ 
m2 


(Je 


5. Principal value of logi is 


wo 


2 


OF 


6. The real part of exp (exp i@) is 
eo? 
(c) e*® cos(sin 8) 


7. The value of sin (log i') is 
(a) 1 
() 


8 The value of (Vi + V-i) is 
i) V2 
(oi 


AI closed set 
(d) none of these 


(b) closed set 
(d) none of these 


(b) disconnected 
(d) none of these 


ye" 
(d) ee" 


in 
bh) 
( 2 


i 
ay 
as 


(b) e* sin(sin @) 
(d) °° cos (cos ®) 
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SID TETIS 
\ eens SUEEEEEERSEERROSESRENENONE eGR ELSIE LEO - 


NOTE: MORE THAN ONE OPTION MAY BE CORRECT 


9. Which of the following(s) is/are false, when z =x + iy? 
(a) amp z = -—amp Z 
(by amp z # -ampZ 
on gmp z 2 amp Z 
td amp z Samp Z 


10. Imaginary part of sin Z is not 
(ay cos x coshy 
(by sinx sinhy 
(e) cosx sinhy 
(d) -cosx sinhy 


11. If i’ ” =ar+iB, then which of the following is/are true? 


a Ra 
(a) fo 1 Ds 


36 > 


| cH APTER - 1 


Sa ETI PETES TET cs 
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ASSIGNMENT - 1.2 


NOTE: CHOOSE THE BEST OPTION 


1. log, , |z- 1| > log,, |z-il, then 
(a)x+y<0 \Oyx-y>0 (o)x+y>0 (d)x-y<0 


2. Real part of a', where a is real, is (a > 0) 
(aye cos (log,a) (b) e™" cos (log,a) 
(c) cosa (a) &?"" (log,a) 


3. Real part of the principal value of i" is 


Yaje ® 005( iog2) (b) e* log 2 
# e 
(c) e® cos (Zies2) (a) e® 


4 ri’ = cos @ + i sin @, then the value of @ is 


62m + Heth ) (2m = a} 


1 1 
] -| 2n-— |x 2n— |x 
co{2m +i he 2) (@) (ont) 2) 
5. The function e* —sinhz is 
<f@) even (b) odd 
(c) neither even nor odd (d) the one about which nothing can be said 


6 Given that the equation z’+(p+ig) ztrt+is = 0, where P,q, rand s are non-zero, has areal root. Then 
(2) pqr =r’ + p's @)prs=q?+rp — (c)qrs=p’ +s’q AB) pgs = 8° + q'r 


NOTE: MORE THAN ONE OPTION MAY BE CORRECT 


% The value of et te" at the point x =4 is not 
1 1 
@) ~ = () V2 as? 
“GO - Ors 


& |z-1|=|z + i| represents a/an D P 
J@ infinite set (®) straight line (c)“unbounded set (@) convex set 
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ASSIGNMENT = 1.3 


NOTE: CHOOSE THE BEST OPTION 


1. Let ie =-2, 2, = iz, z,=2— iz. The area of the triangle in the Gaussian plane is 
AG) 5 (6) el (o sla (d) none of these 
2. The maximum value of |z|, when z satisfies the condition |z - “| =2is 
(a) V3-1 (b) V3 (oy V3 +1 (a) (2+ V3 


3. If fi) => +2, then the minimum value of |f (z)| over the closed region |z|S 1 is 
(a) 0 (byl (c) 3 (d) 2 


4. The real part of the complex number (1+ i)” is 


ay? cos = (b) 2" cos (c) 2 2 cos nn (d) 2” cos 


3s = 2, then Re(z) is 


3)512 41012 3 3 yy? 
oi a 4 al (Ze (Ae 


6. i forms a geometric progression whose common ratio is 


4 
be (b) e™ (c)e" (a) a 
7. Theyalue of i is 
(af real (b) imaginary 
(c) real and imaginary (a) 1 


8 Equation of the circle described on the join of the points a, b as diameter is 
Qzz- (a +b)z- (a+b)z+ (ab +ab)= 0 
(0) 222+ G+ B)2+ (a+ B)e+ (ab - ab)=0 
(o) zz —(a+b)z+(a- b)z+(ab— ab)=0 
(ad) zr (a +b)z-(a +b)z +(ab— —ab)=0 


9 |z- 4if+ jz+ 4il’ = 10 will represent 
(a) circle (b) ellipse (c) hyperbola arto itiins 


10. For any complex number z, the minimum value of |z| + |z—1| is 


Sl 0 1 3 
kf (b) (c) 3 (d) > 


11. If the imaginary part of Bits ~2, then the locus of a point representing z, is a 


(a) circle AI straight line 
(c) parabola (d) none of these 
12. aoe. tan z =z has 
only real roots (b) purely imaginary roots 
(c) complex roots with non-zero real part (d) No roots 


13. If 2 cosa, =a+ 1) 2cos a, = b+ etc., then abc... + will be given by 
a abc... 


(a) cos (2a, + 20,+ ...) (2 cos (4, +O,+..) ° 
(oc) 2 sin (a, +, + ...) (a) sin (20, + 20, + ...) 


14, If, B are roots of the equation x’ — 2x + 4 = 0, a" + B" is equal to 


(oF cos{ SE) (b) 2 cos{ S) 


(o) 2°! sin (=) (d) 2 sin( 
15. The real part of the principal value of 4** is 
ise cos (€n 4) (b) 64cos(€n 4) 
(c) 16 cos (£n 4) (a) 4 cos (én 4) 
16. A function f(z) = 2’ have real and imaginary parts as # 
(a) Re(f(@)) = x, Im (f@)) =y" (0 Re(fiz)) = x° + y’, Im (fz) = 2xy 
(c) Re(f(z)) = x’ —y’, Im (f(@)) = 2xy (d) Re(f(z)) =x" + y’, Im (f(@))=x"-y" 


NOTE: MORE THAN ONE OPTION MAY BE CORRECT 


17. Ifz =x + iy, then the equation z’ =Z has 
(b) two non-zero solutions 


(a) only one solution 
jour solutions (dy three non-zero solutions 


complex numbers z, = 1 + 2i, z,=4—2i andz,= 1-61 does not form the vertices of a/an 
(b) isosceles triangle 


18. The 
hi ht angled triangle 
en ifscalene triangle 


equilateral triangle 


Sra 


19. For all complex numbers z,, z, satisfying lz,| = 12 and |z,— 3 -4i| = 5, the value of \z,~ 2,| has 
(a) Minimum value zero ~ (bf minimum value two 
‘J maximum value 22 (d) maximum value 17 


20. The inequality |z-4|<|z-2| is satisfied by all points in the region 


(a Re(z) > 3 fb) Re(z) > 5 
(6)Re(z) > 4 (d) Re(z) < 3 
21. z is any non-zero complex number. Which of the following is/are false? 
(a) oc <|Arg z| Ole <|Argz| 
z z 
o{~-1]> [Arg z| fay |< —1]> |Arg z| 
Izl Izl 
22. The closure of the set {z: 0< Argz< a/ 2}is 
(a) 0< Argz <2 (0 < Arg z<F U0) 
4 
©) {@y):x20,y20} (d) {(x,y):x>0,y >0} 
23. If|z +Z| =|z- Z|, then locus of z is not 
(a) a pair of straight lines (bYa rectangular hyperbola 
oJ a line (dyan ellipse 


1 
24. The set of limit points of fe $Z rr ae € z} is given by 
mon 


(a) {0} (b) fzeC:1Z+21=2} 

GP 0.2.4 ne Z\{0}} (d) all of these 
25. Log(-2+2i)° is 

(a) 2[log(-1 + i) + log2] (yng - i. 

(c) 2log(-2 + 2i) (d) none of these 
26. The principal value of (1 + V3i)' is 4 

(a) ilog(l+~/3i) \oy eiln2-#13 

() giln2izl6 (d) none fice 


ee Bc eee 


‘ 
E 
i 
4 
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27. log(-3 + 3i)? is 


(a) 2log(-3 +3) rth 18 i212 

(c) 2[log9 + log(-1+ i)] (d) none of these 
28. Real part of log(1 + itan a) is 

af log, seca (b) -log, sec 

(c) log, tan a (d) log,i 


29. Ifm and n are integers, then the value of the complex number log,i is given by 
4mtt 


gy t+! (b) ean 


4n+1 
I 4m#1 

(c) log ait (a) 1 
30. Which of the following is / are true? > 

{af Re(e')=¢" cos y \6) Im (é) =e" siny 

(©) Re (€)=e’ cos x (d) Im (e)=e" sinx 
31. A function f(z) = cos z, has real and imaginary parts as 

(a) Re(f(z)) = -cos x cosh y, (b) Im ((@)) = sinx sinhy 

(oy Re(f(z)) =cosx cosh y, (d) Im (f(2)) = —sinx sinh y 
32. A function f(z) = log z has 

(a) Re (logz)= logr (b) Im (logz)= 8+nn 

(yRe (logz)= logr (d)'Im (logz) =0+2nn 


33, If the set S is open, then which of the following is not always true ? 
(a) S does not contain its boundary points 
‘S contains its boundary points 
(fS have finite boundary points 
(GS contains all its limits points 
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ANSWERS TO EXERCISES 


Exercise 1: (c) 


1, | 7% 


(PRACTICE SET) 


Exercise 2: (b,c) 


Exercise 4: ae 4 "cof 2E 4 btn neZ 


Exercise 6: (a) 


ANSWERS TO ASSIGNMENTS 
1. (b) 2. (a) 3. (a) 
8. (a) 


9. (b,c,d) 10. (a,b,c) 11. (b,d) 


1. (b) 2. (a) 3. (a) 
7. (a,b,d) 8. (a,b,c,d) 


1. (a) 2.(0) 3. (b) 
8. (a) 9. (d) 10. (a) 
15. (a) 16. (c) 

17. (c,d) 18. (a,c.d) ‘19. (b,c) 
24. (c) 25. (b) 26. (b) 


31. (c,d) 32. (c,d) 33. (b,c,d) 


Exercise 7: (d) 


ASSIGNMENT - 1.1 


4, (b) J. (a) 


ASSIGNMENT - 1.2 


4. (a) 5. (a) 


ASSIGNMENT - 1.3 


4. (a) 5. (a) 
11. (b) 12. (a) 


20. (abc) 21. (b,c,d) 
27. (b) 28. (a) 


ona cn 
ee. 


in 
Exercise 3: (n2 a 


Exercise 5: (c,d) 


6. (c) 7. (b) 

6. (a) 

6. (a) 7. (a) 

13. (b) 14. (a) 
22. (b,c) 23. (b,c,d) 
29. (a) 30. (a,b) 
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CHAPTER - 2 
ANALYTICITY & C-R EQUATIONS 
INTRODUCTION: 


The differentiability of a real valued function in real analysis has already been studied. In complex analysis, 
differentiability of a function also has the same meaning. But the analyticity of a function ata point, is different 
from differentiability. The analyticity of a function is something wider than differentiability. In this chapter, the 
conditions for a function to be analytic and the properties of an analytic function are discussed. 


2.1. CONTINUITY 


2.1.1. Limit of function: 
Let f:D-»C be any function in a domain D given by w= f(z) =u(x, y) +iv(x, y) 
Let 2) € C be a limit point of D, then | is the limit of f at z=z, if for any given €> 0, there exists a 


6 >0 such that | f(z)—I\ke, whenever 0<l z—z, |x 0 in Dand we write lim f(z)=1 


l% 


Note: 1. lim f(z) exists iff lim u(x,y) and lim v(x, y) exists. 
2% Cx4,y) 909.9) (4.9) 0 


2. The limit of a function f(z), if exists, must be unique. 


2.1.2. Continuity at a Point: 
A function f(z) is said to be continuous at Z, if lim f(z)=f(z,) 
- ——— * = 7% 
A function f(z) is said to be continuous at any interior point z, of region R if for all €> 0, there 
<d 


exists 5 > 0 such that | F(z)- F(z,) 


<e, whenever|z —Z, 


2.1.3. Continuity in a Region: 
A function f(z) is said to be continuous in a region if it is continuous at all points of the region. 


Note: (a) f(z) is a continuous function in a domain D, it means f(z) is continuous at every z€ D. 
(b) f(z) =u(x, y) +iv(x, y) is continuous function of z = u and v are continuous functions of x and y. 


2.1.4. Theorems on Continuity: 


Theorem 2.1.1. If f(z) and g(z) are continuous at z = 2), then functions f(z)g(2), fz)-9(2), f@)+2(z) and f(z) 
g(z) 


are continuous, the last only if g(z)) #0. Similar results hold for continuity in a region. 


For Example: All polynomials , e’, sinz and cos z are continuous functions in every finite region. 


ms 
43 
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Theorem 2.1.2. If w = f(z) is continuous at z = z, and z = g(G) is continuous at G=G, and if So elias seater 
function w=g[f(z)], called a function of a function or composite function, il tai a a 
is sometimes briefly stated as: A continuous function of a con tinuous function is continuous. 


Theorem 2.1.3. If f(z) is continuous in a closed region, then it is bounded in that region, i.€., there exists a 


constant M such that | f(z) | < M for all points z of the region. 


Theorem 2.1.4. If f(z) is continuous in a region, then the real and imaginary parts of f(z) are also continuous in 


that region. 


2.2. _ UNIFORM CONTINUITY 
Let f(z) be continuous in a region S. Then by the definition of continuity of fiz), for any €>0, there 


exists 8>0 such that | f(z)-f(z,)|<€ whenever |z-z,|<6. Here din general depend on both € and the 
particular point z, However, if there exist 8 depending on € only and not on Zy then f(z) is said to be 


uniformly continuous in S. 


Definition: A function f(z) is said to be uniformly continuous in a region S if for any € >0, there exists 5>0 
such that |f(z,)-f(Z>)|<€ whenever |z;-z,|<8 V 2, 2 € S, 
Here, the choice of is independent of z, and z, in S. 


Theorem 2.2.1. If f(z) is continuous in a closed region, then it is uniformly continuous in that region. 


2.3. DERIVATIVES 
If fz) is single-valued in some region R of the z-plane, the derivative of f(z) is defined as 


f(z + Az)—f(z) 

= lim —————— 

fe) = fim, (I) 

provided that the limit exists finitely, independent of the manner in which Az — 0. In such case, we say 
that f(z) is differentiable at z. Sometimes h is used instead of Az. Although differentiability implies 
continuity, the reverse is not true. 


2.4. L’HOSPITAL RULE 
Let f(z) and g(z) be analytic in a region containing the point z, and suppose that f@)=2(z))=0 but 
f(z) _ (Zo) 
29 Q(Z) 9'(Zp) 
Incase f' (Zp) = g" (2) = 9, the rule may be extended. 


g'(2,)#0. Then L’ Hospital rule states that lim 


so & 
Example 2.4.1. The lim— is 
70 7 


(a) 0 (b) 1 
(c) 1/2 (i hoks nop ete 
Solution: (d) We have f(z)= cae x2 = fy ey 
Zz xt x + y? 
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— 2x 
+y? 


vit(x,y) =~ ~ and v(x, y) = 
x 


ra (0,0) along y=mx, we get 


x —m x2 mM 
limu(x,mx) = = lim" = = lim which depends on m. 
tmx lt? 


, ; x é 
Hence, Le (x, ¥) does not exist and similarly all 6, V(x, y) does not exist. 


nd. ; 
Hence, lim— does not exist. 
740 Zz 


25. ANALYTIC FUNCTION 


If the derivative f(z) exists at all points z of a region R, then S@) is said to be analytic in R and is 
referred to as an analytic function in R or a function analytic in R. The terms regular and holomorphic 


are sometimes used as synonyms for analytic. 
A function f(z) is said to be analytic at a point 2, if there exists a neighbourhood 
S'' (2) exists at all points of the neighbourhood. 


Properties of Analytic Functions: 
Iff() and g(z) are two analytic functions in a domain D, then 


() f@) + g@) 
(ii) f(Z) . g(z) 


iy £ Bee) 40 


(iv) Bs fe is any constant), are also analytic in D. 


|z-z,|<8 such that 


Note: Let D be an open region. Then a function f(z) is analytic in D iff it is differentiable in D. 


Results: 


i If f@) = u + iv is an analytic function of z=x + iy and w is any function of x and y with 


differential coefficient of first two orders, then (= J (2) zs ys + 
x y ti 


ae Oe [=e ¥.2 ee rer 


ax? dy? Lou? 
2. If f@) is analytic function of z, then (= = 2 hire f(aP=2I fOr 
3. An analytic function with constant modulus is constant 


4. If fq) = u + iv is analytic function of z=x + iy in any domain D, then 


(a) (Zed Jarmo Dlul fe 
x 


oy 2 and 
>y J] I 
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2 2 
(b) (2 +B )rareryerisert 


ox? 


7? & ; 
() [Z +X Joe! f(2e0 


5. If (P= seth (Jacobian of u and v with respect to x and y) 
xy 


Entire Function: A complex function f is said to be entire if it is analytic in the whole complex plane. 


AScde 
Thus, the sum and the product of two or more entire functions are also entire functions. 

2.5.2, Singular Points or Singularity: If a function f(z) fails to be analytic at a point z, but in every 
neighborhood of zp there exist at least one point where the function is analytic, then z, is said to bea 
singular point or singularity of f@2). 

26. CAUCHY-RIEMANN EQUATIONS 
A necessary condition that w = JQ) = u(xy) + iv(x, y) is analytic in a region R is that, in R, uandv 
satisfy the Cauchy-Riemann equations, i.é., 
du _ av du av 
pikcch aye —=-— sui) 
ox dy dy ox 
If the partial derivatives in (2) are continuous in R, then the Cauchy-Riemann equations are sufficient 
conditions for f(z) to be analytic in R. 

Note: 

(a) (=) jim LAE BLP) ang (FL) tig Hb + SEP) 
Ox )ian **° A Yes, k 
(b) In particular, at the origin (z } Sie (h,0)- f (0,0) and z } = im LOM =F (0,0) 
Joo h oy iat k0 k 
2.6.1. Polar form of C-R equations: 


oe : ‘ 6 
= y + iv is an analytic function and 2= re’ , where u, v, r, 9 are all real, then the Cauchy 


If fz) 
au 1 av av law 


je ations are —= i = 
Riemann equi ay aad Or an 


2 
een Re ee ete ———-— ne ae ee ene EWN We 


oe ae 
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Exercise 1. [fu + iv = log sin (x + iy), then 
: Sil 1 -] 
ae : = Flog 2 (cosh 2 y—cos 2] (b) u= 3 log E (cosh 2 y~cos 2] 
tef v=tan" (cosx tanh y) (d) v=cot' (cotx tanh y) 


Exercise 2. Let f(z)=22*-1. Then the maximum value of |f(2)| is less than or equal to on the unit dise 


D=(zeCilzisl} (GATE 2007) 
(ajl (b) 2 
(c) 3 Ad) 4 
Exercise 3. Polar form of C-R equations are 
fa) 4 180 Bu av «py LB Bu ay 
“00 rdr’dr 00 or rd0°00. or 
fo) BH = BY du _ Lav ay hp OY Bu __ 80 
00 dr’ ar —rd0 dr 00°00 ar 


Exercise 4. Consider the functions f(z) = x° + iy’ and gz =x +y'+ ixy. Atz =0 
(a) fis analytic but not g. 
(b) g is analytic but not f. 
(c) both f and g are analytic. 
« ©@ neither f nor g is analytic. 


Exercise 5. At z = 0, the function f(z) = 2°Z 


(a) does not satisfy C-R equations (b) satisfies C-R equations 
(oO) is differentiable (d) is analytic 
Exercise 6. Which of the following functions is/are nowhere differentiable? 
(4) f(@) = cosy —i siny (b) f(z) = cosy + i siny 
() fiz) =x" -y" + i2xy (BIE) = Im(z) + 2i Re(z) 


Iz? 
: , 2#0 be continuous at z = 0, we should define f(0) equal 


Exercise 7. In order that the function f(z) = 


to 


(a) 2 (b)-1 0 (d)t 


2.7. HARMONIC FUNCTIONS 
If the second order partial derivatives of u and v with respect to x and y exist and are continuous in a 


e a2u a2u =p a?v i a*v =0 
region R, then from (2) ax? + ay? ax? ay? 
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Result: Let f(z)=u + iv be an analytic function of z=x + iy. Ifu be a harmonic function, then azdz 


2.7.1. 


Note: 


2.8. 


y is said to be harmonic in a region S if it 
isfies Laplace 's equation in two variable, 
differential operator known as Laplace 


A real valued function y = w(x, y) of real variables x and 
has continuous partial derivatives of second order and sat 
ie, vy = 0) throughout S, where V’ is the second order 
o’y : Cha 
dx? ay’ 


operator given by Vy = =W,+tVy: 


Harmonic Conjugate: The function g is said to be a harmonic conjugate of h if g and h are harmonic 


and the first order partial derivatives of g and h satisfy the C-R equations. 


(a) If f(z)=u + iv is analytic in a domain D, then v is a harmonic conjugate of u. Conversely, if v is a 


harmonic conjugate of u in a domain D, then f(z) =u + ivis analytic in D. 


(b) Two functions u(x,y) and v(x,y) are harmonic conjugates of each other if and only if they are 
constants. 


(c) If f@)=u + iv be an analytic function of z = x+ ly, then families of curves u = C, V = C; are 
orthogonal to each other, where c, and c, are constants, 1.€., U and v satisfies 


(d) The harmonic conjugate v is unique, upto an additive real constant. 


(e) The harmonic function need not to be analytic but converse holds. 


CONSTRUCTION OF AN ANALYTIC FUNCTION 


Method 1: Milne-Thomson’s method. 


+Z = 
We havez =x + iy so that x= 2 y= é 
2 2i 
w =f) =u+ iv=u(x,y) + ivy) for p= 22 2) z+Zz-Z 
2 2i 9° 9; 


By setting x=Z, y=0 so that z=Z we obtain f(z) = u(z,0) +iv (z,0) 
rdw _ ow _ du .ov du ,du : 
Also as f (2) ar =a rr ae “ay (By Cauchy-Riemann Equations.) 
. OU du 
du = 9 (x,y) = 02,0), * = oy) = ee 
Taking a 6,(%,y) = 9,(2,0) ay $,(x,y) = 9,(2,0) we get f(z) = 9, (2,0) - id,(z,0) 


Integration yields the result, f(z) = flo, (330). eee ihe een can 
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Thus, fiz) can be calculated directly if u is known. Similarly, if v(x, y) is given, then it can be proved 


that St)= | ly, (z,0)+ iy;(z,0)] dz +c’, where y, ==, A noe 


Formula for obtaining analytic function f(z) when real part of f(z) is given: 


Let fiz) = u(xy) + iv(xy) wD 
f(z) = ley) - iv@x,y) (2) 
Putting x = 0, y = 0 in (2), we get f(0) =u (0,0) — ic (3) 


where ic is purely imaginary and c is real constant 
Adding (1) and (2), we get 2u(x,y)=f(z)+ f(z) 
2u(x,y) = flctiy) + f(x—iy) US for analytic function f(z) = f (z)] ..(4) 
Replacing x = 2/2, y = 2/2i, (4) becomes 2u (2/2, 2/2i) = fiz) + f (0) ) 
Substituting value of f (0) from (3), we get fiz) = 2u (2/2, 2/2i) - f (0) 
or f(z) =2u (2/2, z/2i) - u(0,0) + ic 
Note: Function should be defined on (0, 0). 


Formula for obtaining analytic function f(z) when imaginary part of f(z) is given: 
Subtracting (2) from (1), we get f(z) - F@ = 2iv(x,y) 


2iv(s, y) = fie + iy) - fe - iy) (5) 

Replacing m5 J= a in equation (5), we get 2 iv (2/2, z/2i) = f(z/2 + z/2i) - ri) 
ti 

2iv (2/2, 2/2 = fz) -f 0) 

fi) = 2iv (2/2, 2/21) + F (0) (6) 


we know from (2) that f(z) = u(x, y)-iv(x, y) 
f (0) =c-iv(0,0) 

.. by (6), f@) = 2iv (2/2, 2/2i) +c — iv(0,0) 

J) = 2iv (2/2, 2/21) - iv(0,0) +c 


Examples of Method - I 


Example 2.8.1. Find the analytic function f(z)=u + iv of which the real part u = e'(x cosy — y siny). Or, 
Construct a function f(z) which has a real function u(x, y)=e' (xcosy - ysiny) as its real part, Satisfying 


Laplace's equation. 


pe OW He Brae 
Solution: be = e'(xcosy- y siny)+ € cosy 
ax 
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Ole ee tae he 
— = e'[-xsiny- sin y-ycos y] 
dy : 


(= =e'xte'=e'(xt1), ou =é'.0=0 
dx ) 20 dy) 6 


acsoy=(%] =e" (x+1) 
Ax ) 2 


or 
By Milne’s method, f(z) = fle (z,0)—i¢,(z,0)] dete, 


=f) = fler(c+1)-io]dz+e= fleet +e) dere =(z-1) e+e tc=ze te 
. f(@) = zé +c 


Method 2: Suppose f(z) = u + iv is analytic and u is known. To determine f(z). Firstly,we shall determine v. 


dv= OY oy + Pye =| df = 2 pea 42 a -(- ae +(#)o [ By Cauchy Riemann equation] 
ox dy ee oy ox 
Taking M=_%, N=, we get dv =Madx + Ndy (1) 
oy x 
2 2 
at At = am aa ze ce =-Vu=0 (As usatisfies Laplace's equation) 
dy ax “aye “ae 
OM _ON gg => aM aN 
ox dy ox 


Consequently, (1) is exact differential equation. So (1) can be integrated and v can be determined. Now 
u and v are known and hence f(z) can be determined, from the equation f(z) =u+ iv 


Examples of Method - IT 
Example 2.8.2, Find the analytic function of which the real part is u = e"(x cos y—y sin y) 


ov, wv Ou, ou 
Solution: dy=— dx+— dy=-~ dx+—d des li 
‘olution: dv om a ly a . ly (1) 
= -e'(-x sin y- y cos y - siny) dx + e*(x cosy- y sin y + cosy) dy. 
Integrating (1), we get 


Vs, fe’ (xsiny+ ycosy+siny)dx (treating y as constant) + [ (those terms which do not contain x)dy+ c 
=siny. [xe'dx+(ycosy+siny)[e‘de+ [Ody+e = [(e-1) sin y + y cos y+sin y] e+ ¢ 

Thus f(Z) =u iv 

=e'(x cosy —y siny)* i [e'(xsiny + ycosy)+e] = xe" (cosy+ isiny)+ iye'(cos y+i siny) +ic 

= (x + iype’. e” tei = ze + ci 


metre ater 
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Example 2.8.3. Find all the harmonic functions of the form u = alle? +y? ] that are not constant, where the 
second order partial derivative of is continuous. 


Solution: u = o(Vx? +y? ) (1) 


Let t= Jx°+y’, 
Ot or y 
x x? + y? 9 dy x? 4 y? 
Taki : ats és Xx x(t) 
aking partial derivative of (1) w.r.t. x, u, = @(t) Pe pee aeons 
Vx? + y? t 
yo(t) 


Also, u, = ——— 
, t 


Oy Le. +,( POs eo l=) 
t t t 
i es yee wy 2) 


t t t 
For harmonic function u,, + u,, = 0 


=, 200), (7 +97) (19) - 9) _ 


0 
t tc t 
=> PO. grey P(t) _9 
AC) d’o 1d¢ 
> (t)+ =0 -—= 
© t dt? tdt 
2 
jet gm nd ed @ then sere or #6 or log qt+log t =log A 
dt dt dt dt ¢t q t 
ae 
t 
* ae or dg=—dt 
dt 


.0=Alogt+B or ) = A log (4[x’ + y* )+B 


Example 2.8.4. For given u(x, y) = x? —3xy? +3x? -3 y? +1. The analytic function f(z) is 
(a) z>-3z’ +c (b) 2 +3z°> +c (c) 27 +3z> +c (d) 2-32? +¢ 


Solution: (b) We have u=x° —3xy? +3x7 -3y? +1 
*, u, = 3x? —3y? +6x and u, =—6xy—6y 
. $,(Z,0) =u, (z,0) = 32° +62, 9,(z,0) =u, (z,0) =0 
By Milne’s Method f(z) =z’ +3z'+¢ 
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PRACTICE SET -II 
Exercise 1. The value of m for which the function f(x,y) = 2x - x? + my’ may be harmonic is 
(a) 0 1 (c) 2 (d) 3 
Exercise 2. Which of the following functions is/are harmonic? ; 
Yay cosx coshy by’ - 3x’y (c) € cosy (d) é* siny 
Exercise 3. If u + iv is analytic function, then dv is equal to 
ov av A a Qu. au ou ou 
(a) —dx-—d a co) Wax (d) —dx-——dy 
party Oa Bay O Rae ay ae 
KEY POINTS 


> A function f(z) is said to be analytic at point z, if there exists a neighborhood of z, in which f(z) exists 


at all points 


> A function is said to be entire if it is analytic in the whole complex plane. 


> If a function f(z) is analytic in a domain D, then f(z)=utiv satisfies Cauchy-Reimann Equations (or C- 
R equations) in D i.e u, =v, u, = -v, 


> If f(@)= utiv is analytic in a domain D, then u and v are harmonic functions 
au au _, a’v ‘ a’v 

: pein = clin A el 

ie 5a +52 and et Dy? 


Also v is harmonic conjugate of u=>u, = v, and u, = -v, 


=0 


> — If fi@)= utiv is analytic, then the curves u=c, and v=c, cut each other at right angle. Here c, and ¢, 


are constants. 
SOLVED QUESTIONS FROM PREVIOUS PAPERS 


Example 1. Let f(z) be an entire function such that for some constant ©, |f(z)| < a \z|? for \z| 1 and fiz)=fliz) 


for all zeC. Then (GATE-2006) 
(a) fz) = a2’ for allz eC (b) f(z) is a constant 
(c) f@) is a quadratic polynomial (d) no such f(z) exists 


Solution : (b) Let f(z) be an entire function such that for some constant a, |f(z)|< Q|z|’ for |z\>J and 
f@)=fiz), 1 26 C Seca 3 
Consider f(z) = a, + az + az + az. As f(z) = fiz) 
=>a,tazt az +a,z =a,+ a,iz—a,z’ —a,iz’ 


=> a, (1 -i)z + 2a,2’ + (1 +i) az’ =0 
=> a,=0,a,=Oanda,=0 
So, f(z) = ay, i.e., constant 


Example 2, Which of the following is not the real part of an analytic function? (GATE-2006) 
1 
(a) x’ - y ini ast 
1+x? +y? 
(c) cos x cosh y (d)x + 
x2 4 y? 


Solution: (b) If f(z) = u + ivis analytic in a domain D, then both u and v are harmonic in D and u(x, y) is 


harmonic in a domain D if all of its second order partial derivatives are continuous in D and u(x, y) 
Satisfies the Laplace equation, 


ou Ou 


be Vas atay =0 

ay? 
We will is by options 
For option (d) 
letu(x, y)=x+—, 

ty 

2 Qe sd 

Ou) a ttt PES 
ox xi ty? (x +y’) (x? + y?) 
O7u —2x (y? — x?)-2-2x 


a aeyh Geeyy 
= 2x(x? + y?)-4x(y? -x?)_-2x° —2xy? —4xy? +4x° _ 2x° -6xy? 


: (x? +y?) (?+y?) ~ (tty?) 

ou_—x-2y 

ay (x2 +? 

ou 2x 4xy:2y _—2x?-2xy? +8xy’ = 6xy” —2x? 

ay Gay) Wey) @ ayy yy 
2 2 

So, stg 


2 
Thus, u(x, y)=x+ = = can be real part of an analytic function. Similarly, we can check that 
pS x + 


functions given in option (a) and (c) are also harmonic. 


For option (b), 
let u(x, y) = ieee 
2x 

(+x? +y?)? 


eg <r aie C53 > 


4, = 
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2 gro 2x? +y2)+8x" _ 6x? —2y' =2 
MnO ayy dese eat ty’) (+x +y7)" 
ee ae 
ye? ty?) 

2 By’ lex? + y?)+8y? _ Oy? —2x° -2 
“9 “Ge gayy Gee ayy dtxteyy tx +9") 

au du 


>u,, tu, #0 ie, — + —7 #0 
x yy ax? ay’ 
“.U is not harmonic. 
~ cannot be real part of an analytic function. 


l 
ux) = — 
l4+x°+y 


.. option (b) is correct. 


Example 3. Define {';C-C by f(z)= i if Re(z}=0 “ le Y, Then the set of points where f is analytic 
z, otherwise 
is (GATE-2007) 
(a) {z :Re(z)#0 and Im(z) #0} (b) {z : Re(z) #0} 
(c) {z:Re(z) #0 or Im (z)# o} (d) {z: Im(z) # 0} 


0 , if Re(z)=Oorl = 
Solution: (a) f =| if or Im(z) =0 
z , otherwise 
Clearly f(z) is analytic, when Re(z) # O0and Im(z) #0 
If Re(z)= 0 , ie, y-axis 
Letz = iy 


f'(iy) = lim =(), if we approach along the vertical line 


yowy 


S(z)~ fly) 
z-ly 


[ef (ty) =0, f(z) =0 along the vertical line} 


= lim — 29 if we does not app 
' ? fs | 
are pproach along the vertical line, 
Similarly if Im(z) © 0, 1.e., x + axis 
Letz =x 


A , £tz)= F(x) 
(x) = lim- =O, if we 
f ra 7 9, {we approach along the horizontal line 


(fix) = O and f(z) « 0 along the horizontal line) 


e lime ~~ 09, if we does not approach along horizontal li 
ne, 


Lowa y aoe 4 
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Example 4, Let S be the open unit disk and f :S > C be a real valued analytic function with f (0)= 1. Then 


the set {ze S: f (2) #1} is (GATE-2008) 
(ayempty (b) nonempty finite 
(c) countbly infinite (d) uncountable 


Solution: (a) Let f(z) =1, then fis real valued analytic function on S. Clearly {z €5: f(z) # 1} = 9. 
Hence, (b), (c), (d) are incorrect. 


.'. Option (a) is correct. 


Example 5. Let u(x,y) = 2x(1-y) for all real x and y. Then a function v(x,y) , so that f(z) = u(x, y) +iv(x, y) 
is analytic, is (GATE-2010) 


OF-y-) — ®-N-y WJ @-D+y 2 4+(y-? 


Solution: (a) Given u(x, y)=2x(1- y) VxyeR 
u, = 2(1- y)=v, () 
Integrating with respect to y, we get 


2 
sy=f 24-400 >v,=f'(x)=-u, 


>f'(=2x > f(x)=x’> +e 

So, f(z)=utiv 

f(z) =(2x—2xy) + i(2y— y? +x? +0) 
Let c=-l 

Then, v=-(l-y +x? => v=x?-(y-1) 


Example 6. Let f(z) be analytic on D={zeC :|2-1]<1) such that f()=1. If f(@)= f(z") for all z€ D, then 


which one of the following statement is not correct? (GATE-2010) 
(a) f(z)=[f(2)P for all ze D oi(2)-4 f(z) for all ze D 
() f(z)=[f@J for all ze D @ f'()=0 


Solution: (b) Take f(z)= Lfor all ze D , then (b) option does not satisfy. 


Example 7. Let f(z) be an entire function such that |fz)| < K\zl,vze G, for some K >0. If f(1)=i, the value of 


fi is (GATE-2011) 
(a) 1 WI (i (a) -i 
Solution: (b) Defining f(z) = iz, then |f(z)| $ K|z| for K = 1 > Fees Mee gt ret ack 


Also, f(z) is an entire function. 


“Sf =-l 


fcc) ge ata 
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Example 8 Let f be an entire function on C such that |f(z)|$ 100 log \z\ for each z with |z| 2 2. If f(i)=2i, then 


(a) must be 2 (by ‘must be 2i ; 
(c) must be i (d) cannot be determined from the given data 


Solution: (b) Defining f(z) = 2i. Then,f is an entire function on C and | f(z) [<100log! z1'V.z such that 
Izl22 
«. f (1) = 2i in this case 
Thus options (a), (c), (d) are incorrect 
.. option (b) is correct. 


Example 9. The function f(z) Az? +iz+1 is differentiable at (GATE-2014) 
(a) i (b) I _(e -i (d) no point in C 


Solution: (c) f(z) Az P +iztl 
Putz=xtiy of(Qaxrty +ietiy)tl ax ty ty tl te 
letu=x +y +y+landv=x 
u, = 2x, v,=0, u,=2y+1,v,=1 => u, =v, and u, = -v, => x=Oandy=-l 


., Function is differentiable at (0, -1) = -i 


Example 10. Let u(x,y) = x taxytb xy +2 y’ be a harmonic function and v(x,y) its harmonic conjugate. If 
v(0,0)= I, then |a+ b + v(1,1)| is equal to___\© (GATE-2016) 


Solution: Given u(x, y) = x t+ ax’y + bry’ + 2y' 
u, = 3x’ + 2axy + by’, u,, = 6x + 2ay 
u, = ax’ + 2bxy + by’, uw, = 2bx + 12y 
As,u is harmonic, therefore, u,, + u,, = 0 
=> 6x + 2ay + 2bx + 12y=0 = (6+ 2b)x + (2a + 12) y=0 
36+2b=0=> b=-3 &2a+12=0 >2a=-12 > a=-6 
As, v(x, y) is the harmonic conjugate of u(x, y) 
Therefore, u,=V, &u,=-V, Vv, = 3x’ — 12xy — 3y 
Integrating w.r.t. y, we get 


2 3 
av =3x'y-12x% 2 + 400) 


=>y =3x?y-6xy’—y? +9(x) AI) 
Differentiate w.r.t x, we get v, = 6xy — 6y? +9'(x) 
Also, V, = 6x’ + Oxy - 6" (2) 


Comparing (1) and (2), we get @ (x) =6x" 
1. 6) = 2x? +6, As (0,0) =1 => OO)=1 > c=1 


et Ce 
8 ta she Aten Oe i ar ee at. ; pares 


Hence (x)=2x' + 1 

=> v= 3x’y-6xy’-y' + 2x7 + 7 

v(l, 1) =3-6-1+2+]=-7+6=-] 
jat+b+v(1, l)| =|-6-3-1| =|-10| = 10 


Hence, Answer is 10. 


Example 11. Let f :C-+C be a complex valued function given by f(z)=u(x,y)+iv(x, y). Suppose that 
v(x 9) =3ay/'. Then (CSIR UGC NET JUNE-2011) 
ay ff cannot be holomorphic on C for any choice of u. 
(b) fis holomorphic on C for a suitable choice of u. 
(c) f is holomorphic on C for all choices of u. 
(d) Vis not differentiable as a function of x and y. 


Solution: (a) Given f : C — C is complex valued function such that f (z)=u(x, y) + iv(x, y) and 
v(x, y) =3xy. A function f is holomorphic on C iff its real and imaginary part satisfies laplace 
equation (i.e. harmonic) 

v, =3y?, v, =6xy 

Vv. =O , v,, =6x 

V+, #0 

... f- cannot be holomorphic on C for any choice of y 


.. option (a) is correct. 


Example 12. A bounded harmonic function in the unit disc centered at origin and taking the value sin2® on the 
boundary is (CSIR UGC NET DEC-2012) 


we rsin20 (b) rsin2® (co) 1 in 20 (a) a sin 26 
r r 


Solution: (a) We have to find bounded harmonic function in the unit disc centered at origin and taking value 
sin2® on boundary 
We will check by options. 


Clearly, Sa 20 and fin 26 are unbounded for r = 0. 
r r 


.”. options (c) and (d) are incorrect. 
For option (a) 
Sr, 8) = r’sin20 
Put x = rcos0, y = rsin®, we get f(x, y) = 2xy 
k=z, f,=0 
i 2%. 570 


a <e. ee 
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>fitf, =0 

Thus ‘f’ is harmonic 

Also ‘fis bounded and take the value sin28 on boundary 
Thus option (a) is correct 

For option (b) 

Take g(r, 8) = rsin20 


of unit disc centered at origin. 


2xy 
Put x = rcos®, y = rsin®, we get g(x, y) = —= 
5 get g(x,y) yaey? 


It can be easily verified that ‘g’ is not harmonic 


.. option (b) is incorrect. 


Example 13. Let p(z), q(z) be two non - zero complex polynomials. Then p(z)q(z) is analytic if and only if 
(CSIR UGC NET JUNE-2013) 


(a) p(z) is constant (b) p(z)q(z) is constant 
(A qz) is a constant (d) p(z)q(z) is a constant 


Solution: (c) 
We will check by options 
For option (a) 
Take p(z) = z, non-constant,q(z)=1 but still P(2).q(Z) =Zis analytic 
.. option (a) is incorrect 
With above example option (b) is also incorrect. 


As p(z) q(z) =Zis analytic without being p(z) . q(z) , a constant 
=> option (b) is also incorrect 
For option (d) 


With above example p(z) q(z)= Z, non-constant. 
Thus, option (d) is also incorrect. 
As Options (a), (b) and (d) are incorrect so remaining option i.e. option (c) is correct. 


Example 14. Let f : C-+C be an analytic function. For z=x+iy, let u,v:R? R be such that u(x.y)= Re f(a) 
and v(x,y) =Im f(z). Which of the following are correct? 


ae (CSIR UGC NET JUNE-2013) 
mu u ay dy 

—+—=0 ae eae 

at ay? (b) ve > =0 

au 07a av 9 

Rened Deerantaetion—y (| ‘d) 2023s a 

andy aya tay ae 


Solution: (a,b,c) f : C—>C is analytic function 
Letz =x + iyand fiz) =ur+iv 


a Sige = 


Se 
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As f is analytic 


Ey Ase Al Dy ec _0'u ou 
ax? axdy dy? axdy dx? dy? 


: d’v 
Similarly ——+ 
‘f ox? 


a? = 

=> Options (a) and (b) are correct 

Now as f (z)is analytic 

=> wand v have continuous second order derivatives and 
Ou ou. Ou ou 

Qxdy dydx ” Oxdy dyax ° 


>> Option (c) is also correct 


oy av 
For option (d), As = 
se Ox.dy dy.dx 
av a’y = ay 


pe 
ay Oe ON” 


=> Option (d) is incorrect 


=> 


Example 15. Let f be a non-constant holomorphic function in the unit disc {z€ C:|z\<1} such that f (0)=1. 


Then it is necessary that (CSIR UGC NET DEC 2013) 
(@f there are infinitely many points z in the unit disc such that | f (z)|=1 


(b) f is bounded 
(c) there are at most finitely many points z in the unit disc such that | f (z)|=1 


(d) f is a rational function. 


Solution: (a) Take f(z) =z +1 


Here f(0) = 1 

Clearly, f(z) is unbounded 

.. option (b) is incorrect. 

Also | fz) | =|z + 1| 

|f@ | =1 = |z + 1| = 1, which represents a unit circle centered at (-1, 0) 
. There are infinitely many z which satisfies | f(z) | = 1 
Thus, option (a) is correct and (c) is incorrect 

Further, take f(z) = &, 

Here f(0) = 1 and f(z) is analytic in the unit disc. 

But f(z) is not a rational function 

.. option (d) is incorrect. 


CS 
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Example 16. Let u(x,y)=x'-3xy’+2x. For which of the following functions v, 4 tiv is a holomorphic function on 
C? (CSIR UGC NET DEC-2014) 


(a) (x,y) = y’—3x°y+2y 
Of v(x, y) = 3x y-y' +2y 
(c) V(x, y) =x° —3xy? +2x 
(a) W(x, y) =0 


Solution: (b) Given u(x, y) = x° - 3xy’ + 2x 
For u + iv is holomorphic function 
du _ ov du —dv 


antes OS, id = 
ox ay ii dy ox 


As, oH 3x? -3y? +2 and Loe 
ox dy 

So we will check by options 

For option (a), 


av 


oe =3y?-3x7+2 
au,» 

dx dy 

.. option (a) is incorrect 
For option (b) 

BP gg? -3y° eo as 
oy ox 

du dv Ou ov 


=> option (b) is correct. 
It can be easily verified that v(x, y) given in options (c) and (d), do not satisfy C-R. equations. 


Example 17. Let f be a real valued harmonic function on C, that is, f satisfies the equation af Pega 
x 


Define the functions 


Then 
(a) gand h are both holomorphic functions. 
g is holomorphic, but h need not be holomorphic. 
(c) h is holomorphic, but g need not be holomorphic. 
(d) both g and h are identically equal to the zero function. 


Solution: (b) Given g -f_% 
Xx 


Also ‘f° is harmonic function 


=> f has continuous partial second order derivatives. 


So g is holomorphic function. 
of . iof of _of 
ha += ua pa 
ae iy ae” oy 


Oe Piet oer ae 


uy ex? Vy ay? = Ox? ae? oy? 
> u,#V, 

So h is not a holomorphic function 

Thus option (6) is correct. 
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ASSIGNMENT - 2.1 


path NE ATLL ETS Ed 


NOTE: CHOOSE THE BEST OPTION 


1. A function f(z+c)={(z), where c is any number, then fis 


(a) a periodic function — Po periodic function with period c 
(c) periodic function with period z (d) none of these 


2. The function f(z) = u(z) + i vz), 2€ C is analytic iff 
(a) u, v are harmonic functions (b).u, vare continuous functions 
(c) u, v satisfies Cauchy—Riemann equations Md) none of these 


3. A function u = u(x, y) is harmonic if 
(a) uw have continuous second order derivative 


; oe a7u 4 d7u 
u have continuous second order derivative and —> +—> = 0. 
a? 

au , d’u 

() C+ =0 
) axe ay? 
(d) None of these 
4. Iffand g are analytic functions, then 

(a) fig is always analytic Wi fig is analytic whenever g(z) # 0 
(c) fig is analytic whenever f(z) # 0 (d) none of these 


5. Continuity is a necessary but not a sufficient condition for the existence of a finite derivative. The given 


statement is 
‘a) True (b) False 
(c) True for z=0 only (d) True for z= only 


: : a*u 
6. Ifuis a harmonic function, then ——= = 


0zdz 
0 (b) 1 ()1l/4 (a)l/2 
7, Let F(z) be defined in a domain D and differentiable at z = a, then F'(z) = 
(im? O—-FO 8) tim 240 — Fla) 
AH az 9a z 
ye) Hee (a) tim SY 
Az za AZ 


8 The function f(z) = Re(z) is 
a ae He (b) differentiable 


‘continuous (d) none of these 


9. A derivative of branch of logarithm function is 
(a)z LMT I/z 
(c) 0 (d) none of these 


10. If G is open connected set in C and f: G > Cis a continuous function. Then f is a branch of logarithm if 


forzE G 
(a) z = sin f(z) (b) z = cos f(z) 
(A = exp fiz) (d) z= fiz) 


11. If G C C and G is open and connected. Also iff is a branch of log z on G, then the totality of branches of 
log z are the functions 


(a) f(z) NZ) + anni 

(c) f(z) + constant (d) none of these 
12. f) = lz|’ is continuous everywhere but nowhere differentiable 

‘df except at origin (b) except at |z| = 1 

(c) in C (d) except atz = 1 


13. Sufficient condition for f(z) to be analytic is 
i,» Uy, V,, V, exist, continuous and satisfy C-R equations 
(b) u,, Uy, V,, V, exist 
(c) C-R equations are satisfied 


(@) f@) is single valued 


14. Polar form of C-R equations, is 
Tu, = Ve; Ug = —rv, (b) u, = 1V9; rug = -v, 
(c) u, =—1V9; Ug = rv, (d) Ug = Ve; u, =r, 


15. The function fiz) = |z\° is 


(a) everywhere analytic (by nowhere analytic 


(c) analytic at z = 0 (d) none of these 
16. The function f(z) = Re(z’) is 
(a) analytic (continuous 
(d) none of these 


(c) not continuous 


NOTE: MORE THAN ONE OPTION MAY BE CORRECT 


1 ie J2) is analytic at a point z = Z,, then which of the following statements is/are true? 


Jz) is differentiable at z, (b) f(z) is not defined at z, 
2) is differentiable at infinitely many points MAI) is continuous at z, 
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18. If f : G—> C is differentiable at a point a € G, then 
{cannot be discontinuous at a _(b)fis continuous ata 
(o)f is constant function (d) none of these 


19. If f is analytic function in some domain, then in that domain 
(ah is continuous iby fis differentiable 
(c) fis not continuous (d) fis not differentiable 


20. Ifa function f(z) is continuous at z = 24, then which of the following statements hold true? 


(a) fis necessarily analytic at z, \(byf is defined at z, 
Ae! S(z) exist at 2 (d) fis necessarily differentiable 
92g 


21. The function w = e* is 
entire periodic (c) not entire (d) not periodic 


22. If G is either a whole plane C or some open disk and u: GR is harmonic function, then 
f@f u has a harmonic conjugate (b) uhas no harmonic conjugate 
(c) u is not analytic (d) none of these 


23, Let v be the harmonic conjugate of u. Which statement is true? 
(ey Tf u is the harmonic conjugate of v, then f(z)=u + iv is constant. 
(6%: is also harmonic conjugate of -v. 
(Tf u is also the harmonic conjugate of v, then v-u is a constant function. 


(aj-dv= u, dy - u, dx. 


24. Function w=sinz is 
i) entire (b) bounded eyunbounded (d) nowhere analytic 


25. If a function f(z) is continuous at Zo, then which of the following is true? 
(a) fz) is necessarily differentiable at z, 
(bYFZ) is not necessarily differentiable at z, 
ed is necessarily analytic at Z, 


fz) is not necessarily analytic at Z, 
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ASSIGNMENT - 2.2 


NOTE: CHOOSE THE BEST OPTION 


1. The function f(z) = a 2#0 az =Ois 
oO 2=0 
of not continuous (b) continuous (c) not defined (d) none of these 


a 2 re 
ces ee > 240 G 2= Qs 
0:3 z=0 
(a) continuous (b) not defined <¢ not continuous (d) none of these 


3. Iff: G— Cis differentiable with f(z) = 0 for all ze G and G is open and connected, then 
A. ‘fis constant function (b) fis an increasing function 
(c) fis decreasing function (d) none of these 


4 Ifu-v=€e' (cos y—sin y), then w = f(z) is 


(aje*t+e we +¢ (o) se te (d)e*"* 
5. The harmonic conjugate of u(x, y) = y'-3x’y is 
(a) -y' + 3x'y +c Oy 3x +e (x -3x'yte —  — 3x + 
6. The analytic function w(z) whose Im (w(z)) = = : y zis (C,a real constant) 
Mote (b) =S+¢ (c) +e (a) ottte 
z z 
~2xy 


7, Theconjugate harmonic function v of u=e~” sin (x —y"), where u is harmonic, is 
ae -e*" cos (x? -y’?) +C (b) v= e” cos ay) +C 
() v =e" cos (x -y')J+C (d) v =-e°" sin (x -—y)+C 


8. The derivative of (2+2i)(i-z)2z-) at z = iis 


* +3 6-31 3 é 
: 6-3! Hide 
PC5+3i)/5 (b) (o) = (a) 524i) 
9. If the real part of f(z) is u(x, y) = oe + coshx siny, and ae 0, then the value of analytic function f(z) is 
-i|z’ + sin hz] (b) [z + sin hz] (c) {2’ - sin hz] (d) -[z’ - sin hz] 
10. Function f(z) = xy + iy is 
(a) everywhere continuous and analytic (by @verywhere continuous but not analytic 
(c) discontinuous but analytic everywhere (d) neither continuous nor analytic. 
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11. If f(@) =2| 2, then S(2) is differentiable 


(a) at all points z (b) atz = 1 only for z = 0 (d) none of these 
12. The function f(z) =z is 
@ infinitely differentiable (b) finitely differentiable 
(c) not differentiable (d) none of these 


13. The function f : C 3C defined by f(z) = e' is 


(a) an entire function (b) analytic in the unit disc {2 € C: |e <1} 
(c) analytic at the any point 0. aynot analytic at any point 


NOTE: MORE THAN ONE OPTION MAY BE CORRECT 


14. The function |z|’ is 


(a) analytic Yb) differentiable at z=0 
not analytic (dy Continuous 


15. If f(z) =u + ivis a regular function in domain D, where f(z) # 0, the curves u = constant and 
v = constant. 


a) are not parallel (ef are perpendicular 
(c) are inclined at 45° (d) none of these 


16. Consider the following limits 


()- tim+ (ii) tim (iii) tim (iv) tim +. 
2-0 Z ee Z 2-00 Z a aod 
Which of the following statements are true? 
all the limit exists (b) except I and III the limit exists 
(Mand III limit exist (d) neither of the limits exist 


17. If f(z) = (2 + any t by’) +i(cx? + dry + y’) is analytic, then values of a,b,c,d are 
(a) c=1,d=a,b=1 
WO d=2,a=2,a=-2,b=-d2 
(oa = 2,b=-1,c=-l,d=2 
(d) because u, v are harmonic so a, b, c, d are not possible to find. 


18. If fz) = 2 Re z, then f(z) is not differentiable 
A all points z except z=0 (b) only for z = 0 
at z =! édfatz = 4 


19. If f(z) =z Rez, then f"(0) is not 
(a) zero one “6 three WO four 


66 > So roe 
nit eae Be 
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ASSIGNMENT - 2,3 


NOTE: CHOOSE THE BEST OPTION 


L 


fiuy) = e? (cosxtisin x) is 


ed entire function (b) analytic in x? +4y? <24 
nowhere analytic (d) none of these 
cna w=cosz is 
unbounded and entire (b) bounded and entire 
(c) bounded but nowhere analytic (d) unbounded but nowhere analytic 


e™ cos By is a harmonic function 
(a) for all a, B (b) if a +B =0 teyif a? — B’ =0 — (d) none of these 


u(x, y) = sinh x siny is harmonic in a domain D, then its harmonic conjugate in D is 
(a) cosh x cosy+c (by—cosh x cosy+e (c) sinh x cosy+c (d) cosh x siny+c 


. fan analytic function f(z) is such that Re {f '(z)} = 2y and f(1 + i) = 2, then the imaginary part of f(z) is 


(a) -2xy (b) x’ -y" (c) 2xy Oy? -x? 


Consider a function f(z) = u + iv defined on |z- i| < 1, where u, v are real valued function of x, y, then 
S@) is analytic for u equals to 


(ax +y AS tn (x + y') (o)e* ae 
~ ff) = \z0, then fo) is 

RC a 0 (b) 1 (c) does not exist (d) none of these 

z)’/z when z#0 
Letf : CC be given by f(z) = @ , Thenf 

0 when z=0 

(a) is not continuous at z = 0 (b) is differentiable but not analytic at z = 0 
(c) is analytic at z = 0 af Satisfies the Cauchy-Riemann equations at z=0 


NOTE: MORE THAN ONE OPTION MAY BE CORRECT 


9. 


Let f(z)= |z\/Re(z) or 0 according as Re(z)#0 or Re(z) = 0, then at z = 0 function f(z) is: 
(a) having non zero limit hut differentiable AS not continuous (d) continuous 


» 2#0 


1 
OI fQ=| 5, = o -Thenfizjis 
0 


* Z= 0 
(a) discontinuous \@F continuous 
(c) analytic in the entire complex plane tdynot differentiable at 0 
CaS seas: 
ae er : = ems Eat) 
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ANSWERS TO EXERCISES 


Exercise 1: (a,c) 
Exercise 2 (c,d) 
Exercise 3: (b) 
Exercise 4: (d) 
Exercise 5: (b,c) 
Exercise 6: (a,d) 
Exercise 7: (c) 


Exercise 1: (b) 

Exercise 2 (a,b,c,d) 

Exercise 3: (b) 

ANSWERS TO ASSIGNMENTS 

1. (b) 2. (d) 3. (b) 

8. (co) 9. (b) 10. (c) 
15. (b) 16. (b) 

17. (a,c,d) 18. (a,b) 19. (a,b) 
24. (a,c) 25. (b,d) 

1. (a) 2. (¢) 3. (a) 
8 (a) 9. (a) 10. (b) 
14. (b,c,d) 15. (a,b) 16. (a,c) 
L(o) 2.(a) 3.(o) 
8. (a) 

9. (b,c) 10. (b,d) 


(PRACTICE SET - I) 
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ASSIGNMENT - 2.1 


4. (b) 5. (a) 
IL. () 12. (a) 
20. (b,c) 21. (a,b) 


ASSIGNMENT - 2.2 


4. (b) 5. (d) 
11. (c) 12. (a) 
17. (b,c) 18. (a,c,d) 


ASSIGNMENT - 2.3 


4. (b) 5. (d) 


6. (a) 
13. (a) 


22. (a) 


6. (a) 
13. (d) 
19. (b,c,d) 


6. (b) 


7. (a) 
14. (a) 


23. (a,b,c,d) 


7. (a) 


7. (a) 


CHAPTER - 3 
COMPLEX INTEGRATION 


INTRODUCTION 

Jn real analysis, Integration of a function depends on end points only, whereas in complex analysis integration 
depends on path. But if a function is analytic then it is independent of path. In complex analysis we have 
various tools (methods) to integrate a function. In this chapter we will discuss about different methods of 
finding complex integral and other important properties of an analytic function. 


3.1. SOME DEFINITIONS 

(D Continuous Arc: A continuous curve (or simply a curve or a path) in C is a continuous mapping 
(gamma) from a closed interval [a, b], a < b, a, b € R into C. Here the points y(a) and (b) are 
called initial and terminal points of the curve, respectively. A parametric representation of a 
continuous curve ¥ is given by y(t) = $(t) + iy (t), t€ [a, b], where $(t) and y(t) are continuous 
real-valued functions on [a,b] 


(2) Multiple Points: If z = z(t) = 9(t) + iw(t), when x=¢ (t) and y=y (t), is satisfied by more than one 
value of t in the given range, then the point z, or say the point (x,y) is called a multiple point of the arc. 


(3) Jordan Arc: A continuous arc without multiple points is called a Jordan arc. Thus, for a point z on a 
Jordan curve, z= (t)+iy(t) is expressed as a single valued and $(t),w(t) are continuous real 
valued functions on [a,b]. In addition, if ¢’(t), w’(t) are also continuous in the range a St <b, then 

‘the arc is called a regular arc or a Jordan curve. A continuous Jordan curve consists of a chain of 
finite number of continuous arcs. 


For example: Y(t) = e", t € [0, 1], is a Jordan arc. 
i, 


oe 


x 


@ Contour: A Jordan curve consisting of continuous chain of a finite number of regular arcs is known as 
contour. If A is the starting point of the first arc and B the end point of the last arc, then integral along 


such a curve is written as J Ff (z)dz. If the starting point A coincides with the end point B of the last 


AB 
arc, then the contour AB is a piecewise smooth curve and is called a closed contour.. 


(5) Piecewise smooth arc (Contour): A path Y is said to be piecewise smooth if there exists a partition P of 
[a, b] such that a = t, < t, < ... <t, =b and ¥ is smooth on each sub-interval [t,,, tJ, i= 1, 2, ..., n. 


(6) Simple curve: A curve ¥ defined on [a,b] is called simple if it does not intersect with itself. 


oa — = —$ $$ 
= nn 
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(7) 


Note: 


(8) 


(9) 


(10) 


3.2. 


r 


Rectifiable curve: A curve Y is rectifiable if it has finite arc length. Every piecewise smooth arc is 


rectifiable. 


(1) The rectifiability and length of a curve are independent of its orientation. 
(2) An arc z = 2(t) = x(t) + iy), aStSb is rectifiable if and only if the functions x 


b ane, EY 
are of bounded variation in [a,b]. Length of are z(t) is given by L= [ Vix ( ty +{y (yr at 


or L= fi z(t) | dt, where the real-valued function | z(t)l= (x'(t))° + ()(1))’ is integrable 


over [a,b]. 


() and y(y) 


Jordan Curve Theorem: A Jordan curve is the common boundary of the two regions into which the 
Argand plane is divided by it. Out of these two regions which are such that all points of it satisfy 
|z|<M, where M is some positive constant i.e. that region which is hounded is known as the interior or 
inside of the curve, while the other region is known as the exterior or outside of the curve. 

Simply Connected Region (or domain): A connected region or domain (D) is said to be a simply 
connected, if a closed curve C, contained in D has its interior contained in D, i.e., there is no hole. 


Multiple Connected Region: A region that is not simply connected, i.e., there are some holes is called 
multiple connected region. Multiple connected region is bounded by more than one curve. 
Any multiply connected region can be reduced to a simply connected region by giving it one or more 


ORCC 


LINE INTEGRAL 


cuts. 


b 
For a real valued function f(x), definite integral f (x)dx is calculated always along the real axis 
a 
(x-axis), from x=a to x=b i.e, path of integration is always along real axis. 
But for a complex function J), the path of the definite integral f f(z)dz may be along any curve 


joining z=a to z=bi.e., value of the integral depends upon the path of integration 


a - acme ares > i eres ery 


[ Sea <a> ee aca 


i aa cineca ent Sn OO 
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In case the initial point and final point coincide, then curve C, is a closed curve and integral is called 


contour integral and is denoted by f f (z)dz. If fiz)=u(x,y)+ i v(xy), where 
c 
Z=X+1ly => dz =dx+idy andC: [a,b] > C is closed contour, then 
b b b 
§ f(2)dz = f@tivy(detidy) = J (udx—vdy) +i fodr+udy) 
c a a a 
Therefore, definite integral of f(z) is reduced to two line integrals of real functions. 


Iti 


Example: 3.2.1. Evaluate [w —ty)dz along y=x. 
0 


Solution: Along the line y=x => dy = dx 
Here, z =x + ty =x(I+i) and dz = dx (I+ i) 
When z=0 => x=0 and when z=]+i =>x=/ 


1 1 1 
«. Given, integral is Je —ix)(1+i)dx = (1+ plea -if ots | 
0 0 


0 
x x] 1 i S-i 
= (147) =i) Has e 2 
ava i | ( if 4 


3.3. COMPLEX LINE INTEGRAL 
Let f(z) be a continuous function of complex variable z defined on rectifiable arc L, then j Ff (z)dz is 
called the complex line integral along rectifiable arc L or definite integral of f(z) from a to b along L is 


known as complex line integral and [ f(2)dz = lim >" (z, —2z,,)F(E,) , where €, is a point on 
n>0 kel 
each arc joining the point z,, to Z, 
Properties of Complex Line Integral: 


(i) fi f(z) + A(z) }az =| f(z)dz+ J H2daz , this property can be generalized for any finite number of 


functions. 
(ii) {s f(z)dz= -[, f (z)dz, where —L is the opposite arc of L. 


(iii) [. " f(z)dz = iB f(z)dz+ [ f (z)dz, where the end point of L, coincides with the initial point of L,. 


(iv) I of (z)dz=c f f (z)dz, where c is any complex constant. 


(v) [luhi@toh (z)+...+¢,f,,(z)]az = ef Sf, (z)dz +c, f,(z)dz+..+¢, [, f,,(z)dz, where 


CpCp1++4yC, are complex constants. 


COMPLEX ANALYSIS CHAPTER - 8 


a | 


<i side 


(vii) Ifa function f(z) is continuous on a contour L of length | and if M is the upper bound of f(z) on L, i.e., 
\f@)| SM on L, then I f(z)del < MI 


(viii) The line integral f pdx + qdy, defined in a domain D, depends only on the end points of T if and 


aU 
only if there exists a function U(x,y) in D such that oe =p and ar =q 
IX 


For Example. Evaluate fh (z? +3z)dz along the circle |z|=2 from (2,0) to (0,2). 
Solution: We have, z=xtiy => dz=dxtidy 

lz] =2 => fx? +y? =2 axrty a4 

Put x = 2cost, y=2sint, t varies from 0 to = 

-. ax=-2sint dt, dy=2cost dt 

Z=2(cost +isint)=2e" => dz =(-2sint + 2icost)dt = 2e*!?* dt 

“ [© +3ende= [ety +3. 204] 20 "dt = 217!" (te + Ge") edt 


i +31 i(a12)420) ]*/2 
= Bf eld 412 [7 glnA dy a sin #195 ae! 
0 0 31 2i ; 
wife = oy gmt gity Bn Bey a 8 te - 8) _44_ 44 8 
3i 3i i i 3 alg s5 a0 8 


3.3.1. Green’s Theorem in the plane: 
Let P(x,y) and Q(x,y) be continuous and have continuous Partial derivatives in a region R and on its 


boundary C. Green's theorem states that f. Pdx+Qdy= (2-2 dxdy 


The theorem is valid for both simply and multiple connected regions. 


3.3.2. Complex form of Green’s Theorem: 
Let F (z,Z) be continuous and have continuous partial derivati 


mtn a ves in a region ® and on its boundary 
C, where z=x+iy,Z=x-—iy are complex conjugate coordin 


‘ates. Then Green’s theorem can be 


written in the complex form £ F (z,2)dz=2i [jFFas, where dA represents the area of element dx dy. 


3.4, CAUCHY’S THEOREM 


Statement: 
If f(z) is analytic in a simply connected domain D and Cis any closed curve inside, th f 
en § f(z)dz=0 


e 
ie ee 


Note: Converse of Cauchy's theorem is not true, i.e., if f Sf (z)dz=0 for any closed curve C in D, then f(z) 
% 


need not be analytic 


3.4.1, Some consequences of Cauchy’s Theorem: 
Let f(z) be analytic in a simply-connected region R. Then the following theorems hold. 


Theorem 3.4.1.1. If a and z are any two points in R, then f F(z) dz is independent of the path in R joining a 


and z. 


Theorem 3.4.1.2. Cauchy’s Theorem for Multiple Connected Regions: 
Let f(z) be analytic in a region bounded by two simple closed curves C and C , [where C, lies inside C 
as in Fig. below] and on these curves. 


Then f f@a= f Ff (z)%, where C and C, are both traversed in the positive sense relative to their 
c Gq 
interiors. 


ra) Xx 


Extension: If C is a closed curve and C,, C, C,..., are the other closed curves which lie inside C, and if a 
Junction f(z) is analytic in the region between these curves and is continuous on C, then 


ff de= § f(z) det ff(aet..t ffioe where integral along each curve is taken in the 
c Gq Q C, 


anti — clockwise direction. 


z 
Theorem 3.4.1.3. If z, and z are any two points in R and G(2) =| F(z) az. Then Gz) is analytic in R and 


9 


G'(@) = f(2). 


Se aa z <> J 
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7"(2) =f), then | f(z)dz = F(b) - F(a) 


Theorem 3.4.1.4. Ifa and b are any two points in R and F 


This can also be written in the form, [r@e = F(z) \° = F(b) - F(a) 


Example: 3.4.1.4.1, Evaluate [2cde 


3-i 
Solution: [22dz= z’|}'=@-i)? -(2/)° =12-6§ A -\ bey a= 
2i 


Example: 3.4.1.4.2. Find foe +2)e"dz along the parabola C defined by my =x? from (0,0) to (2,1). 
c 


Solution: The point (0,0) and (2,1) correspond to z=0 and z=A+i. Since (z+2)e* is analytic, Therefore 


fe i ai (+t 2 
[Pr era¥'ae={le+2(S)-oce| mrss Jee a 
id I 
0 


=-2e'-1+i(2+2e'+2e"') 


3.5. CAUCHY’S INTEGRAL FORMULAE 


Y, 
Cc 


O x 
If f(z) is analytic inside and on a simple closed curve C, taken in the positive (anti-clockwise) sense, 


and a is any point inside C, then f(a)= a fle : .. (1) 
ct 


Also, the nth derivative of f(z) at z = a is given by faa f f(z) dz, n=1,2,3, .. (2) 
227i <(z-a)™ ee 


Definition: If Y is a closed rectifiable curve in C, then for a € {¥}, n(y:a) = 1 fc z—a)"' dz is called the 
ri 
Y 


index of Y with respect to the point ‘a’. It is also sometimes called the win 


We have ding number of Y around ‘a’. 


(i) If ¥: [0, 1] > Cis a closed rectifiable curves and aé {Y}, then_} f dz 
2ni,Z-a 
(ii) If ¥ and o are closed rectifiable curves having the same initial Points, then 


(a) n(Y; a) = -n(—Y; a) for every ae¢ fy}. 


is an integer. 


[gia eRIVEE eraser sae 
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(b) n(Y+o;a) =n(Y:a) +n(6;a) for every a¢ {yi VU fo}. 


(tii) If Yis aclosed rectifiable curve in C. Then n(Y: a) is constant fora é C — fy}. 
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Exercise 1. The value of integral f (2? +227)dz along |z| = 1, where the curve is taken anti-clockwise is 
Cc 


(a) 4ni (b) 2ni M0 (d) 1 


dz 
Exercise 2. Evaluate f - along the 
ce +4 
(i) circle |z| = 1 (ii) circle |z—i|=2 (iii) circle |z| = 4 


. 22? 
Exercise 3. fie along |z| = 3 taken anticlockwise is 
Z- 
c 


(a) 4ni (b) 2ni (c) 0 (d) 3ni 


Exercise 4. Evaluate fogare where C : |z| = 4. 
24+) 
Cc 


1’) 


; ; sin z : : . 
Exercise 5. The integral i} Gan" (where the curve is taken anticlockwise) equals to 
Z-2 
Izl=24 


(a) -2ni (b) 2ni (c) 0 (a) 4ni 


3.6. _ SOME IMPORTANT THEOREMS 
The following is a list of some important theorems which are consequences of Cauchy’s integral 


formulae. 
1. Morera’s Theorem: If f(z) is continuous in a simply-connected region R and for every simple closed 
curve in R, f f (2)dz=0 , then f(z) is analytic within R. 
c 
2. Cauchy’s Inequality: If f(z) is analytic inside and on a circle C of radius r and centered at z = a, then 


lf" @|\< M a n=0, 1, 2, ..., where M is a constant such that |f(z)| < M on C, i.e., M is an upper 
r” 
bound of |f(z)| on C. 


3. Liouville’s Theorem: Suppose that for all z in the entire complex plane, if f(z) is analytic bounded, i.e., 
\f@)| < M for some constant M. Then f(z) must be a constant. 


Note: (i) Ananalytic function with constant argument is constant, i.e., arg f(z)= constant 


om a 
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=> f(z) = constant 
(ii) If f(z)=utiv be an analytic function in a domai 
following conditions hold 
(a) f(z) vanishes identically in D (b) Re({(z))=u=constant 
(c) Im(f(@))=v=constant (d) \f(@)|=constant 
(e) arg f(z)=constant 


n D, then fiz) is constant in D, if any one of the 


4. Poisson’s Integral formula: If f(z) is analytic within and on a circle C defined by \z| = R and if ais any 
point within C, then f(a)= BI i JPA 
7" (z—a\(R’ - 2a) 
x 2_ ,2 ip 
(R° —r°)f (Re 49 | where 


1 
F me ; . ’ id = eee ee nena 
From this, we can deduce the Poisson's formula f(re’ ) ce J R? -2Rr cos O-$9)+r 


‘0. Bo os : 
a=re’ is any point inside the circle. 


5. Fundamental Theorem of Algebra: 
Every polynomial equation P(z) = a, + a,z + az +..+ az" = 0 with degree n 2 1 and a, # 0 has at 
least one root. Thus, it follows that P(z) = 0 has exactly n roots in C. 


6. If g(z)= f(z), where f(z) is an analytic function, then g(z) will be analytic iff f (z) = constant. 


7. Maximum Modulus Theorem: If f(z) is analytic inside and on a simple closed curve C and is not 
identically equal to a constant, then the maximum value of |f(z)| occurs only on boundary of C. 


8. Minimum Modulus Theorem: If f(z) is non-constant analytic function inside and on a simple closed 
curve C and f(z) # 0 inside C, then |f(z)| attains its minimum value only on boundary of C. 
In other words, if fis analytic in a domain D, f(z) # 0 on D and a is a point in D, such that \f(z)|2\fla)| 
holds for all zED, then fis a constant 


9. Reflection principle: Let f(z) ) be analytic in a domain Q containing a segment of the x-axis and be 
symmetric to that axis. Then f(z) = f(Z), z€Q 


— 1 ; 
10. Parseval’s Formula: ya, |? 2" se sca de 


n=0 


11. Schwarz Lemma: If f(z) is analytic in a domain D defined by |z|<R and Satisfies the condition \fiz)|sM 
forall zeD and f(0)=0, then If(eis S| zk 
Also, if equality occurs for any z, then f(z) = > ze", where @ isa real constant 
or If D={z:1zk]} and if f(z) is analytic on D with 


ae SES J 


(a) |ftz)|SI forall ze D 
(b) f(0)=0, then | f(O)IS1 and |f(z)|S\z| for all z in D. In case of equality f(z)=e'%z, where @ is real 
constant. Moreover, if | f’(0) I= 1 or \f(z)|=|z| for some z # 0, then Widaow her all we D. 


12 Riemann Mapping Theorem: A region D is conformally equivalent to C if there is analytic function 
f:D— C such that fis one one and f(D)=C. If D is simply connected region which is not the whole 
plane and let z, € D, then there is a unique analytic function f:D— C, with the property. 

(@) f(z)=0 and f(z,)>0 (b) f is one-one (co) f(D)={z:zk 


13. Open Mapping Theorem: Let D be a region and suppose f is a non- constant analytic function on D. 
Then, for any open set U in D, f(U) is open. 
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-1 


Exercise 1. If f(z) = S x and |z| = 1, then upper bound of |f'(0)| is 
z 


ya 


A 
(a) 1 (be (oe (d) none of these 
e 
Exercise 2. If D is the open unit disk in C and f: C > Dis analytic with f (10) aly then f(10 + i) is 
2 

Iti l-j 

(a) — a 
(b) 7 
i 
inne ‘d, acs 
re a) - 


Exercise 3. The roots of the equation z*—z’ — 2z + 2 = 0 is/are 
GI J 
(Jl +i Qi-i 


IzP 
Exercise 4. Let f (z)= leP ——; 2 € Cand Cis the unit circle centered at origin, then 


(a) Maximum of |f(z)| occurs on C 
(6) Minimum value of |f(z)| occurs on C 
(c) Both maximum and minimum value of |f(z)|occurs on C 


either minimum nor maximum value of |f(z)|occurs on C 


Exercise 5. A polynomial f(z) of degree n has 
(b) atleast n roots 


(a) atmost n roots 
Peractly n roots J@) less than or equals to n roots. 


aan = 
[ ap 
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KEY POINTS 


a> 


; z=0 
> Cauchy’s theorem : If f(z) is analytic inside and on a closed curve C, then j f (ad: 


P “a) ig i ? t. 
If f(z) is an analytic function, then the integration of f(z) Is path independen 


; ee ve ; : region R such that f f(2dz=0 
Morera’s theorem: If f(z) is continuous function in a simply connected reg J 


around every simple closed curve C in R, then f(z) is analytic in R. 


> Cauchy’s Integral formulae: If f(z) is analytic inside and on a simple closed curve C and a is any point 
hs 1 f(z) i n! FAA) ns, eN 
d C, th nn > and a)=— ae zn 
inside ten f(a) Sat ea f'"( al e=al i 
> Liouville’s theorem : A bounded entire function is constant. 
> Maximum modulus theorem: If f(z) is analytic inside and on a simple closed curve C and is non- 


constant inside C, then |f(z)| assumes its value on C. 


> Minimum modulus theorem: If f(z) is analytic inside and on a simple closed curve C and is non-zero 
inside C, then |f(z)| assumes its minimum value on C. 


SOLVED QUESTIONS FROM PREVIOUS PAPERS 


Example 1. Let C be the boundary of the triangle formed by the points (1, 0, 0), (0, 1, 0), (0, 0, 1). Then the 
value of the linear integral {- 2ydx + (x -4y* ay + (2? +3 y)dz is (GATE-2007) 
c 


(a) 0 (b) I (c) 2 (d)4 


Solution: (d) f-2y dx +(3x-4y? dy +(z? +3y)dz =f+1,+1,, 


Cc 


where I, is integral along C, [C,'s are lines as shown in Jigure] 


Take I, = f ~2r(-dt)+ 3(1-1)- 47? ar +0 


ee 


aa Ee cs 


piensa ee 
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(oo ete Cux=l-thy=142=0 = dx=-dt, dy=dt, de=0) 


1 
= [r+3- 3-4? )dt ==" 454") nt 47 
2 i, 2 38 


1 
1,=f0- 3(0)+4(1—1)? +77 4.3- 3r)at 
0 


(along C,,x=0,y=1-1,z=1 => dx=0, dy=~-dt, dz=dt) 


1 
4-86 +417 40° 43-3dr -7-11,5_19 
=i a ae ea 


I, =fa-ncan (along C,,x=1,y=0,2=1-1 => dx =dt,dy =0, dz = dt) 
0 


3 1 


ee ae ee 
3) 3 
es f—2ydx+ Bx—4y*)dy + (2? 4+3y)dz = Z+(2)+8 =4 
a 6 \83 6 
ax 
Example 2. Let f(z) be an analytic function. Then the value of j fle" Jeos(t)at equals (GATE-2007) 

0 

(a) 0 (b) 22f (0) (c) 22f'(0) dy af’(0) 


* Solution: (4) jee a 
[ue )cost at = [ t(e") ae 
Let C be the circle |z| =| 


. dz 
Put z= e", dz =ie"dt => dt =— 
iz 


freereositr fof 2 \é- aff 0 +) 


» FAR) ea 1 Pn eee 
= Gif floders§ 2 de =0+—x2nif (=x f'(0) 


ans f Ff (z)dz = 0, by Cauchy's theorem and je 
c Ose 


dz = 2nif '(0), by Cauchy's integral formula) 


Example 3. Let f(z) =2z* —1. Then the maximum value of | f(z) on the unit disc D={z€ C:|¢| Sis 


(GATE-2007) 
(a) 1 (b) 2 3 (a4 


Solution: (c) | f(z) =12z’ -1IS 21 zl? +1$3 if|zE 1 ie. zis on the boundary 


E eS 
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By maximum modulus principle, maximum value occurs on boundary. 
For 2=i,|2z* -ll=I-33 


Example 4. Let T be the closed unit disk and aT be the unit circle. Then which one of the following holds for 
every analytic function f : T > C. (GATE-2008) 
(a) | f| attains its minimum and its maximum on OT 
(b |f| attains its minimum on OT but need not attains its maximum on oT 
(c) | {| attains its maximum on OT but need not attains its minimum on oT 
| f | need not attains its maximum on dT and also it need not attains its minimum on oT 


Solution: (d) By maximum modulus principal and minimum modulus principle | f| will attain its maximum and 
minimum value on OT, if fis non-zero and non constant on re 


15 


d: 
Example 5. Let f(z) =z" forz © CIC: |e~il = 2, then Por = (GATE-2009) 
of Wa i(\ + 153) (b) 2xi(1 -15i) (co) 4mi(1+15i)  (d) 2a 


Solution: (a) Note that f(z) is a polynomial of degree 15. So it is an entire function. 
(.. By Cauchy integral formula) : 


F(z) ae 2m F@ _ pl mi 
Panay (2) = st a f*@O a 


As f(zyareezet..tz4tl 
f'(z) =15.2"4 414.29 +...4140 > 


f(z) =15.14...2.2 + 14!= 141052 +1) 
: . poe 
5M «2 _ (sit 14 !2zi 


mi ae = 2mi(1+15i) 
=p LO de = 2 i(1+151) 
2 (z-i) 


Example 6. Let u(x,y) be the real part of an entire function f(z) = u(x, y) + iv(x, y) for z=x+ iye C. If C is the 
positively oriented boundary of a rectangular region R in R’, then § E ou 
¢ 


ue 
—dx-“ay|= (GATE-2009) 
a ay 0 : 
(a) I 0 (ce) 24 (d) « 


Solution: (b) f(z)= u(x, y)+iv(x, y) 


, ou ou 2 2 
By Green’s theorem, we have (Fa 24 la ft{ ou _ ou 
j dy ox ey J "la 


eS <a —] 


au d°u 2 2 
< -ff (zs ela dy =0 l: f is analytic => u is harmonic, i.e., ru ou = | 
R 


ax? ay? 


1 a~2)’ 
Example 7. Let I ) w4ldc=n, where the close curve C is the triangle having vertices at i, 


-l-i l-i : 
( ) and ea the integral being taken in anti clockwise direction. Then one value ofa is 


V2 
(GATE-2012) 
(@iti (b) 2+ i 
(+ i (d) 4+ i 


Solution: (c) Since z = 2 lies outside the region. 


*, z = Ois the only singularity of order one. 


4n = il _ _@ 3 rs afte = "eae dz (using Cauchy's theorem) 


Solving with the help of integral formulae, we get, —2m(a—2) =4 
=> -i(a—2)? =2 => (a-2)? =2i 
=> a=2+ 2) =24(14+i)=34i,1-i (As V2i =1+i) 


Example 8. Let f be an analytic function on D ={ze C:1z\S 1). Assume that |f(z)|S/ for each ze D. Then, which 


of the following is NOT a possible value of (e!)’(0) ? (GATE-2013) 
(a) 2 096 

1 
(oie (i) V2 + iN2 


Solution: (b) Let g(z)=e! 


(2) , 
Oran Teer Guo =leO|= 


2! ef 
_— dz 
eit Zz | 


> lerrolst gh ad <i ex2e =2e 


So, option (b) is not possible 


Example 9. Let u be real valued harmonic function on C. Let g : R’— R be defined by 


ax 

a(x, y= fuce(x +iy))sin@d@. Which of the following statements is TRUE? (GATE-2013) 
0 

Ye is a harmonic polynomial (b) g is a polynomial but not harmonic 

(c) gis harmonic but not a polynomial (d) g is neither harmonic nor a polynomial 


z 
<a> 
81 
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Solution: (a) Since u is harmonic function on C 
Take u(x, y) = 1 
Clearly, it is harmonic 


an 


as 
+ g(a. y) = fLsind0 = -cosd =~—(cos 22 - cos 0) =0 
0 


0 
-". (x, y) is harmonic polynomial 


Hence, options (b), (c), (d) are incorrect and option (a) is correct. 


Example 10. The maximum modulus of e on the set S =(z€ C:0S Re(z) S10 Im(z) Sl} is (GATE-2014) 


(a) 2/e Me (c) etl (de 
Solution: (b) By the maximum modulus theorem the maximum is attained at the boundary. 

Let z=a+ib 

=e ra = ete eabi =| at = ee 


Clearly, le® | is maximum, when a? —b? is maximum and maximum value of a’ -b? is 1. 
[- Osasl, O<b<1] 


a2 
. Maximum value of e° is € 
Hence, option (b) is correct. 


Example 11, Let Q = {z € C : Im(z) > 0} and “ C be a smooth curve lying in Q with initial point —1 + 2i 


and final point I + 2i. The value of fie ve is (GATE-2014) 
1 a 1 a 
eee 24i5 -44+=In 24i=— 
) 5 Fi (b) - 2+i 4 
1 7 1 a 
4+— In 2-i- d) 4-— i— 
(c) 3 m1 (d) - In 2+i 


Solution:(a) Let f (z)= ee and let z=x+iy, y=2 ie. z=x4+2i 

=> dz=dkx, xvarying from -1 to 1. 

js = [eas a hecw = 2x +f 144i 
VT+z 1+x+2i M+2i+x 0 A14+2i+n S14 0i4x 


E 14+2i+x 1+2i 1 1+4] 
{pets -[e Miroir es 

= (1+ 4i) [In(1+ 2i+x)]!, +2 [67', -+2) [In(1+ 21+ xy!) 

= (1+ a)n( 21+ 9) (+ 4i)In2i+ 42+ 4) [in(201+)—Inaip 


{ < 82 — 
te ai a Cae ae Rss | 


ne he ween irre re 
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= In(271 + i)) + 4iln(2¢1 +) — Indi — 4iln2i + 4 = 2in( 201 + i)) + 2in2i — dil (200 + i») + 4iln2i 
= Indi —In(2(1 +i) )+4 


2i i i(l-i) +i 
=] 4=] = 
ade n( 4 }4 =in| A= 5 MD) 4= In (42 3 a 
1 i I 1 a 
=In| —+—]+4=In| — |+itan”™ =4-— i— 
n(3+i}e o( 45] +ian"(n+4 4 pines 


Example 12. If a © C with |a|<1, then the value of —— aos lat’ 2 eer: Ide ee where T is the simple closed curve 
(GATE-2014) 


|z| = J taken with the positive orientation, is 4 = 


Solution: (Ans. 2) Since a € C with |a| < 1 
Take, a =0 


yale (lat a 


| dz 
Pp where TV :1zl=1 reduces to — yi —> 
la Zz ,!z! 


— =< fide =< x2a [- a length of arc T:|z1=2z] 
7 ijn I2=1 
=2 
Hence, answer is 2 


Example 13. Let C ={ze C:lz—il=2}. Then fe isequalto  -—2.. (GATE-2015) 
2g 


Solution: (Ans. -2) Given C = {z € C: |z—-1| = 2} 


Ee 
ame Slee. Om Ser pare) by - Loni Z)--2 
m3 (z-2Nz+2i) 2x4 (z-2i) x 4i 


Example 14, Let y be the triangular path connecting the points (0,0), (2.2) and (0,2) in the counter-clockwise 
direction in R’. Then I = fsin(x* )dx + 6 xy dy is equal to Lh (GATE-2016) 
y 


Solution: (Ans. 16) By Green's theorem, [ = pe (x°) dx + 6xy dy = IES (60)—P inte fave 


zy y : 6 3/2 
=[Jt6»-oarey=[or4 foro! = 2x(2)° =16. 
00 tt} 0 0 


0 


a 


Amen ere 
ry i ene 
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Example 15. Let 1, = os where C,=(zeC ZF r},r>0. Then 
2(z-I)(z- 
i (CSIR UGC NET DEC-2011) 
(a) I, =2ni ifr€ (2,3) (b) 1, = if r€ (0,1) 
(c) 1, =-2ni ifr€ (1,2) AP 1, =0ifr>3 
Solution: (d) I, = ji. where C.= {ze C: |z|=r},7>0 
2 2(2—1(z-2) 
Using partial fractions, So Be ee Ey = pes 
2(z-I(z—2) 2z (z-1) 2A(z-2) 
Se. eee (eee ee 
f = acne Iss Heats 
For option (a), 1 € (2,3) 
5 5 
Letr=—=>C= C:\zj= = 
etr=2>C,=(2eC: b= >) 
I, = Lx2ni f(0)2ni f)+5x2Hi f) 
=> option (a) is incorrect 
For option (b), r € (0,1) 
Let r= Ze =>C, 
2 
1 
={zE€ C: |z|=— 
{Z l2| x! 
ee see 
(z-1)(z-2) . 1 227i 
I= MEAP gen ani f0)=2a( 5 eek =i 
J z oes tas 
=> option (b) is incorrect 
For option (c), ré (1,2) 
3 3 
Let r=—=>C,= C: |z)= = 
et r= 9C,= (ee Cll = >) 
eS ig a So 
€ + —, onnibee —— “~ 


Cee eae wa 
2 (z-1)(z-2) (z—2)(z) 
= 2) [Ee + (MOOD) 
J Zz etl z-2 * 


1 
l,=|—_—__. 
' lcpe=a* 


7 . 1 ; I I 1 

=2at| Lin —————_ + Lim ——_——__ ] = —<-j/= a= |e 
E (@-D@-2 =" (2-2 (a) 2a ] 2a 4] . 

=> option (c) is also incorrect. 

As all other options are incorrect 

.". option (d) is correct. 


Example 16. Let ¥,, = tke” / 0508 2n} for k = 1, 2, 3. Which of the following are necessarily correct? 
(CSIR UGC NET DEC-2012) 


1 pl A 
(a) — [| —dz=0 fork = 1, 2, 3. VAw ge ears 
rt te | (b) og) 2 1 


1 yl el 
() tf ans (d)’ — [ -dz =3 
me ai! 2% ie oa) ¢” 
oe aa 
Solution (b,d) Y, = fke® 1050s 2n} fork = 1, 2, 3. 
For options (a) and (b) ) , 
Y, = {le”:050<2n} =z =Oiis inside Y, = 
So pla = pomij=1 
2m + Z 2m 
.’. option (b) is correct and (a) is incorrect 
For option (c) 


Take frac, ¥, = (26°: 0<0s2n} 14-1 pamw)=2 
2a 4 2m ne 2m 


.’. option (c) is incorrect 
For option (d) 
7, = Be’: 05 0< 22} 


1 ¢l 1 F 
— |-az =—[3.2m(1 
2ai J 707g 2a 
.”. option (a) is correct. 


Example 17. Let a,b,c be non — collinear points in the complex plane and let A denote the closed triangular 
region of the plane with vertices a,b,c. For z€ A, let h(z)=|z-a| - |z-b|- |z-c|. The maximum value of the 


function h (CSIR UGC NET DEC-2013) 
(a) is not attained at any point of A (b) js attained at an interior point of A 
(c) is attained at the centre of gravity of A ws attained at a boundary point of A 


o— 


nn 
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g(z) isa holomorphic function 
odulus principle, the maximum value of |g(z)| 


Solution: (d) Consider g(z) =(z-a)(z—b)(z-c), here 
=| g(z) ll z—all z-bilz—c| is attained 


Now, for the given triangular region by maximum m 
occurs on the boundary of A, i.e., maximum value of h(z) 


at the boundary point of A 
.’. option (d) is correct. 
(CSIR UGC NET DEC-2015) 


Example 18. } qote= 


jevif=2 F— % 
(a) 0 (b) -2zi (oy oni (d) | 


we 2 
zZ > 


Solution: (c) Let f(z)= >= 
4-z° (2-z)(2+2) 
z= -2 and z = 2are singularities of f(z), but z = -2 lies in the circle |z + 1| = 2 


2 


“ 


Py 


92 = 92 
[ <agte= [ 2=2ae = 2m = 2 
4-z iesie2 2 +2 2-C 


Iz+ll=2 
.". option (c) is correct 


Example 19. Let C be the circle \z| = 3/2 in the complex plane that is oriented in the counter clockwise 
z+l a . 
+ z=O0is (CSIR UGC NET DEC-2016) 


direction. The val which [5 
irection. The value of a for whic J z2-3z+2 2-1 


Solution: (c) Given j (teeter = J zt gee 50 
aed z —3z+2 z-l1 et (z-1)(z-2) z-l 
2 ae" 

Singularities in |\z\=—are atz = 1 
(z+]1) (z+) 
(z-2) a (z-2) a 
GAO) lage J a+ | —— a= 

5 J z—1 (4) J, z-l . par z=0 (l) 

iF == 


ie? 

2 

By Cauchy’s integral formula, pro a = f(a)2m 
-t-a 


“. (I) 2ai| tt |+a2mi=0 => 2zi[(-2)+a]=0 >a=2 


Hence, option (c) is correct. 
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ASSIGNMENT - 3.1 


NOTE: CHOOSE THE BEST OPTION 


1, If fz) is continuous in a simple connected domain D and if ff (z) dz = 0 for every closed contour in D, 
c 


then 
(a) f(z) is non-analytic in D RC fz) is analytic in D 
(c) f(2) is constant ‘d) none of these 


2. If f(z) is analytic in a simply connected domain D, then the integral of f(z) is 
(a) dependent of path in D (b) independent of path in D 
(c) zero (d) none of these 


3. Let C be the curve of integration, L the length of C and M any constant such that |f(z)| S M everywhere on 
C, then the complex line integral is 


(a f(z)dz <ML (b) <M/L 


Ic 


f Faq 


ic 


[ fae 
ic 


(c) <L/M (d) none of these 


4. Iffis analytic in a ball B(a; R) and |f(z)| < MV z © B(a; R), then 


Ma) <M Oya = 
(c) If (a)| =n!IM (a) none of these 


5. If and O are closed rectifiable curves having same initial points. If n(Y, a) denotes winding number of a, 


then for everya€ {Y} U {o} 


(a) n(¥ + 6; a) = n(y; a) (b) n('y + 6; a) = n(6; a) 
pnt + 6; a) =n(Y; a) + n(o; a) (d) none of these 


6. IfY is a rectifiable curve and fis a continuous function on {Y}, then 


oils con S fi s@ilel ) |[ fade > fi f(z lal 
Y 7 Y F 


(c) [roa] = fife ila| (d) none of these 
ta bg 
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same initial points, then for every a € fy 


0) acy: =(¥9) 
(d) none of these 


7. If Yanda are closed rectifiable curves having 
(a) n(Y; a) = -n(Y; a) 
(co) ny; a)=-n(-Y;.a) 


rve in C, then for a€ {¥}, the index of Y with respect to point a is 


& IfYis aclosed rectifiable cu 
1 -1 
nf¥: a) = — |(z-4) dz 
at a ni J 


i tee 
(a) n(Y: a) = J zdz 


(c) n(Yr a) = eu fade (d) none of these 
2a 4 


2 a 
9. The value of poze a, where C is |z|=1/2 is 
Ya Zz 


+1 P 
wo 


(a) 220i 
(d) mi/2 


(c) Hi 
10. The integral of fiz — 24)" dz (Zz, inside C) is 
€ 


(a) 0 for m = -1 QS 2m for m =-1 


(c) 2form=-I (d) n form =-1 
11. F is analytic in a disk B(a; R) and ¥ is closed rectifiable curve in B(a; R), then 
F=0 (o) [F#0 
Y ¥ 
(oc) [F =r (d) none of these 
v 
12. If'y is piecewise smooth and f : [a, b] > C is continuous, then 
b b b b 
waif Fay =[FOYw a &) | fay=[ FO Ywat 
b b 
( [far= [Foy a (d) none of these 


13. If is a rectifiable curve and fis continuous function on {Y}, then 


( [f--|f Wf dt=—f f at 
Y Y Y 

() ra =-| fat (d) none of these 
¥ r 


14. If’ is a rectifiable curve and f is continuous function on {Y}, then ifce C 


wf sara = [fle-edde () | f (zdde = ff (z-c)de 
(©) [ fladde = | f(c) ae iondariiee 

IS ays1 Tf SC encima atebie eo eita.e MY). then = = J is 
(ayan integer (b) rational suilies 
(c) real number (d) complex number 

16. If f(z)=uriv, then J f(z)dzis 
of futs-viy fe ru (b) [udx+vdy+if—udx+vdy 

c 
(o) Judx—vdy +i] vdx—udy di dec esp 
c c c c 


-24i 


1 7. For every path between the limits f+ zy dz= 
-2 


pee (b) 1/3 
(Li (d) ~i/2 
18. rss connected and f :G — C is analytic in G, then 


has a primitive in G (b) f has no primitive in G 
(c) fis constant in G (d) none of these 


I. if dz, where L is any rectifiable arc joining the points z = a and z = b is equal to 
(a)z wba 
()a-b-z (d)z-a-b 


20. J |dz|, where L is any rectifiable arc joining the points z=a and z=b is equal to 


() |b-a| 


(a b-a 
(d) 0 


fare length of L 


247 


21. The value of J (Z)?dz along the line 2y=x is 
d 


(a) Si) 20-0) 
2 <> ; : 
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(c) (2-i) (d) none of these 


22. If flz)=u+iv be continuous in a simply connected region scC and that u and v have continuous partial 


derivatives and f f (z)dz =0 around every closed curve C in S, then f(z) is 
Cc 
(a) net analytic in S (b) may or may not be analytic in S 
GFanaiytic in (d) none of the above 


23. Let G be a connected open set and f:G—C€ an analytic function. If a€ G such that f\”(a)=0,n20, 


then 


(axfia)=0 (b) f(a) = constant 
(c) fla=1 (d) fla)=2 


24. If f(z) be an entire function and u(x,y)=Re fz) is bounded in C, then 
(a) f(z) is constant (b) only u(x,y) ts constant 


(c) u(x,y) is not constant (d) none of these 
25. The value of jP2® ae, where C is the circle |z|=! is 
© 2(2z +1) 2 
(a) 277i (b) 327i 
(c) 4 (d) -4 
dt (—n<0 Sn 0<r<2,is 


26. The value of the integral f rie eee 
14+1°-4rcos@-1 


(b) 2n °° (cos ®— sin ®) 
4-1? iy 
@ 3 


NOTE: MORE THAN ONE OPTION MAY BE CORRECT 


27. If f@ is analytic in a simple connected domain D, then for every simple closed path C in D which of the 


following is/are not true? 


(a) $f (2)dz=0 LI} f (2 dz > 0 
Cc c 
(Yh f@ dz <0 N _Grone of these 


28. The complex line integral is generally not 


Ce of path (bf independent of path 


independent of end points (none of these 
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29 ae function is 
ef) infinitely differentiable (b) finitely differentiable 
(c) not differentiable da continuous 


30. Which of the following is false? 
(4)Morera‘s 's theorem is exact converse of Cauchy ‘s theorem 


(bMforera’ $ theorem is valid for all functions f(z) in a domain for which J Sf (z)dz = 


(Morera’ 's theorem is short converse of Cauchy's theorem 


(Q At Statements are false 

31. If f(z) is analytic in a domain D, then the false statements are 
(a) f (z) exist in D byf (2) does not exist in D 
dt” (z) = 0 for all n in D (Df (2) #0 for all n in D 


32. Which of the following statements are true? 
(at If f is bounded function, then | f(z)|IS M forall zEC. 
(b) If fis bounded function, then | f(z)l2M forall zéEC. 
Mee is bounded entire function, then f is constant 
(d) If fis bounded entire function, then f is not constant. 


33. If f(z) is analytic within and on a closed curve C and if @ is any point within C, then 


NO Ei 2 0) [FO de=2m sa) 
c 

ae pI i cat Bit 

2 eae c= Hi f (a) OF z= 2m f(a) 


34. If G is a region and f :G— C is continuous function such that Ff =0 for every triangular path (closed 
T 


curve) T CG, then 


tef Fis analytic in G (b) fis not analytic in G 
(c) Both (a) and (b) (da) None of these 
35, Let I= (= ——., where ¥ represents the circle |z-a|=r,then 
7 o a’ 
(athe ‘le oflis 271 (b) the value of lis 1 
(c) the value of I is zero (d) the value of I is one 
36. If f(z) is analytic in a simply connected domain D, then which of the following is/are false? 
(a) Indefinite integral exist tf Indefinite integral does not exist 
op ntegral of f(z) is dependent of path in D (d) Integral of f(z) is independent of path in D 
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37. A path in some region is not i 
(a) continuous function ~ hf discontinuous function 
~ 49 necessarily differentiable function (d)wecessarily closed 


38. Let C be the the square with vertices at (0,0) (1,0) (1,1) and (0,1), then 
(a) Square is closed and |z| is analytic so by Cauchy's theorem §ledz =9 
A 


(b) flz|” dz can't be determined because |z| is not analytic and square is closed. 
oe 


“ $lef dz=a+ib, wherea =-1, b=1 
(d) None of these 


39. A path is said to be smooth path if . : 
(a) it is continuous function 6) it is continuous and differentiable function 
(c) not differentiable function (d) none of these 


40. If f :G— Cis analytic and B(a;r) CG, then 


(yf aya. FO) ty where Kt)=atre" and 0<t<2z 
2m (wa) 


BY F(a) = =| CAULEE See ee Y(t) =a+re" and t€ [0,27] 
27 ,w-a 

(co) o (a) does not exists 

oy (a) exists 


4 1 
41. Let f(z)= oede, where $(z) ar and y:\z = then 


1 
wan is analytic outside | z |= a PT Wz) is analytic on\ z\= ; 
1 ' 
(c) @(z) is analytic in Izkk7, VzeC F(z) =0 


z 
42. Which of the following is not the value of the integral f E 
es 

4 


a LIE 


GPnie (d) 2nié 


5) where C: jz| =3 


ASSIGNMENT - 3.2 


NOTE: CHOOSE THE BEST OPTION 


3 
-6 
I. The value of $5 - dz, where C is |z| = 1 is 
e22=i 
(a) W8 (b) 6ni 
(c) (1/8) — 6ni (d) -6ni — (n/8) 
2 fide has the value around the circle C: |z| = 3/2 (positive oriented), 
Zz — 
(a) tan] (b) 2ni tan! 
tan 1 
()— (d) none of these 
2ni 
— ydx + 
3. The value of the line integral f oa where C is the unit circle centered at O, equals 
c * Ty 
(a) 2n (b) -2n 
(c) 0 (d) none of these 
4. fe* dz over |z| = 1 is 
(a) -5e +C () oF +C 
(c) 0 (d) ni 
$. If Cis the curve y=x° —3x° +4x-1, joining the two points (1,1) and (2,3). The value of {( 22? ~4iz)dz is 
Cc 
(a) -156+381 (b) 156-381 
(c) 38+ 156% (d) 38-1561 
2 
6. The value of 2" ees dz is 
2ni,2, (2-1) 
(a) 2 (b) 0 
(c) Xi (d) none of these 
7. Let f(z) be defined in {(x, y): |x| £4, |y| $3} ILf® is analytic in D and satisfies \f(z)| <1 on OD then 
If 
(a) zero (b) 14/92 
(c)-it/4 (d) none of these 
oe 
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ing statements 
8 Suppose that a function f is continuous in a domain D then among the following 
(1) f has primitive in D ints in D is independent o; 
(11) The integral of f (2) along any path lying in D between any two fixed points in . ss 
(11) The integral of f(z) along every closed contour in D is zero 
(a) I implies UI but not IT 


(b) I implies I but I not implied by I 


(c) I Implies I! & III but not implied by either I or III 
(d) All the statement are equivalent 


NOTE: MORE THAN ONE OPTION MAY BE CORRECT 
A MIRE THAN ONE OPTION MAY BE CORRECT 


9. 


If f(z) =2+52+6 and the path of integration is a circle with origin as center and radius r, then the 
z-2 


Cauchy's theorem is not applicable, whenever r equals 
(a) 1 re 
(c) 3 (d)4 


10. ¥ pay= [=e dz, where y:|zl=2, then 
Y 


(a) f(O)=2z7i (b) FO)=142i 
() f"(-)=leri (d) f*(-2)=127i 
af ERS =0, th 
x creme: : vi 
(a) y:lzl=l (b) y:lz+llel 
1 
(oc) y:lzl=3 (@d) eae 


12. Which of the following is/are correct? 
(a) If fz) is analytic at all points in a region S € E 2and C is a curve ly! 
complex function f(z) is definitely integrable along the curve C. 
1a 48 
0) | adz=5(a° 6°) 


[a,b] 


ing in the above region S, then the 


(c) [zd from z=0 to z=4+2i along the curve C given byz=P+it is (10-8i/3) 
c 
(d) None of the above 
13. Let f be an entire function. If f satisfies the following two equations 
every z in C, then which of the following is false ? 


(a) f'(2) =f@ (0) f@) > RYz 
(¢) f = constant (4) fis anon 


Sz + 1) =f) and fiz + i) =f) for 


“constant polynomial 


co 


rthcornnnsneniien entities AR ninn hen rt nt ee 
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ASSIGNMENT - 3.3 


NOTE: CHOOSE THE BEST OPTION 


Let C:z=2e'®,0<@s2z. Then [= dls 

(ize. (b) 1e’/3 

(c) 2% &7/3 (d) 4% &°/3 

Let C: |z- | = 2 be in positive sense. Then i be = 

c(z'+4)' 
(a) zero (b) 3 1/256 
(c) -31 1/256 (d) none of these 
opt gino 
. Let C:|z|=4. Then os ae 
zc 2-8 
(a) zero (b) im /2 
(c) -im/4 (d) none of these 
3 
. If Cis an ellipse with positive orientation with the centre at the origin, then i e483 dz= 
z 
¢c 
(a) zero (b) im/2 
(c) -in/4 (d) 6 ix 
sh adaat z’sinz 
. Let C: | z-1| = 2, taken in positive sense. Then i} (Z—D? az = 
Zz — 

(a) zero (b) in /2 

(c) -in/4 (d) none of these 

The integral along | z | = 2 (positively oriented) f SRT dz has the value 

2(z° +9) 
(a) zero (b) in/2 
(c) -in/4 (d) none of these 


The value of the integral J z’dz, where C is the line segment joining (0, 0) and (1, 1), is 


wi+iPB 


(a) zero 
(o) (l- U3 (d) none of these 
_ 95 > ; 
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hol i j direction, 
8 If C is the boundary of the square {-1$x$1,-1$y$ 1} described in the anticlockwise direction, then the 


value of the integral | z dz is 


7 4z-1-i 
(a) zero (b) - 2/16 
(c) -in/4 (d) in/2 
9. The value of the integral J ost dz is 
ies 2(2 +14) 
(a) zero (b) 2% 1/7 
(c) ia /7 (d) none of these 


10. The value of the integral | S®% gy, 
ivniage ~! 
(a) zero (b) 221 
(c) 4% (d) none of these 


11. If F(z,Z) be continuous and have continuous partial derivatives in a region S € E, and on its boundary 
C, then fF (z, Z)dz = 2i [Je@aa, where dA represents the element of area dx dy. Then G(z)= 
Cc AY 


= w= 
(c) 2°F (d) None of these 
dz” 


12. Let C be the ellipse defined by 4x’ + 9y’ = 36. Then the value of J {(y?x-2y+3)dx+(x?y+3x+ T)dy} is 
Cc 


(a) 6n (b) 30m 
(c) 60m (d) 210% 
13, Let '{ be the curve : r =2+4 cos 8, (0<8<2n). If, =[ & and 1, =| Bee pes 
z- z-3° 
y y 
(a) i, = 2b, (b) i, =i, 
(co) 2i, =i; (d) i, = 0, i,#0 
14. 


Let f(z) be defined on the domain E:\z-2i|< 3 and on its boundary 0 ; : 
statements is always true? ary OE. Then which of the following 


(a) If f(z) is analytic on E and f(z) # 0 for any z in E, then | f | attains its : 
; ; : maxim 
(b) If f@) is analytic on EU OE, then | f | attains its minimum on dE ee 
(c) If f(z) is analytic on E and continuous on EU OE, then | | attains its maximum and minimum on 0E 
: . inimu 
(d) If fiz)is analytic on E U0E and f(z) # 0 for any z in EOE, then | f | attains its mini ndE 
: inimum o 


~ ET en a ag 
[ 26 ——_—— 
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NOTE: MORE THAN ONE OPTION MAY BE CORRECT 
— aes aens eeseitaente eager 


15. The curve represented by the function cos t+ i sint, 1S mis not 


(a) straight line (b) parabola 
(o)circle (d) ellipse 
+ d: 
6 “ y or Where Cis |z + 1| =/ is not 
(x+1)° + 
‘o 0 (b) 
(c) 2m (d) 3m 
17. If C is the boundary of the square. {-1<x<1,-ls y Sl} described in anticlockwise direction, Then the 


value of the integral f = 


—————~ dz cannot be 
¢[z-(+a/4} 


(a) zero (b) in/2 
(c)-im/4 (d) 27 
18 Let A = pa es. where C is the circle |z|=3 and B= [ai around a rectangle with vertices 
¢(z—-I(z-2) 
2+i, —2+i. Then 
(a) A= 2mi(e* —e’) (b) B=0 
(c) A=0 (d) B= 2m7i(e* —e”) 


SSR fee EP TOe nee ae 
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ANSWERS TO EXERCISES 


(PRACTICE SET -)) 
Exercise 1: (c) 
Exercise 2: (i)0 (ii) c (iti) 0 
Exercise 3: (a) 


. i 
Exercise 4: — 
a 


Exercise 5: (a) 
(PRACTICE SET - I) 


Exercise 1: (c) 
Exercise 2: (c) 
Exercise 3: (a,b,c,d) 
Exercise 4: (d) 
Exercise 5: (c,d) 


ANSWERS TO ASSIGNMENTS 

ASSIGNMENT - 3.1 
1.) 2. (b) 3. (a) 4. (a) J. (6) 6. (a) 
& (b) 9. (b) 10. (b) 11. (a) 12. (a) 13. (b) 
15. (a) 16. (a) 17. (c) 18. (a) 19. (b) 20. (c) 
22. (o) 23. (a) 24. (a) 25. (b) 26. (d) 
27.(b,c.d) 28. (b,c) ~—29. (ad) 30. (a,b,d) 31. (b,c,d) —-32. (ac) 
34. (a) 35. (a) 36. (b,c) 37. (bed) 38. (c) 39. (b) 


41. (b,c,d) 42. (a,b,c) 


ASSIGNMENT - 3.2 

1. () 2. (b) 3. (a) 4. (o) 5.@).  — 6.(a) 
&@) 

9. (b,c,d) 10. (a,b) 11. (abd) ‘12. (ac) 13. (a,b,d) 


ASSIGNMENT - 3.3 

1. @) 2. (b) 3. (a) 4. d) 5. (a) 6. (a) 
8. (b) 9. (¢) 10. (a) 11. (b) 12.0) 13. (a) 
15. (a, b) 16.(a,b.d) 17. (b,c,d) —«*18. (a,b) 
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7. (c) 
14. (a) 
21. (b) 


33. (a,d) 
40. (a,b,d) 


7. (b) 


7. (b) 
14. (d) 
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CHAPTER - 4 
SEQUENCE AND SERIES 


INTRODUCTION 


We have studied sequence and series of functions in real analysis. A sequence is a function whose domain is set 
of natural numbers. If co-domain is set of real numbers, then it is called sequence of real numbers and if co- 
domain is set of complex numbers, then it is called sequence of complex numbers. Series have same meaning in 
complex analysis, i.e., it is infinite sum of the sequence. In this chapter, we will discuss about sequence and 
some particular types of series named Power Series, Laurent’s Series and Taylor's Series. 


4.1. SEQUENCE 


4.1.1. Sequence of Numbers: 
A sequence is a function of a positive integral variable, denoted by fin) or {u,}, where n = 1, 2, 3,... 


formed according to a definite rule. Each number in the sequence is called a term and u, is called the 
nth term. The sequence is called finite or infinite according as there are finite number of terms or not. 
Unless otherwise specified, we shall consider infinite sequence only. 


For example: 
i) The set of numbers i, 17, i°,..., i" is a finite sequence; the nth term is given by 


u,=i',n=I, 2,..., 100. 


2 3 
(ii) The set of numbers | +i, (! > ; oe ,... is an infinite sequence; the nth term is given by 


1+i)” 
u ae n= 1, 2, 3, ... 
* n! 


Convergence of a sequence: 
A number 1 is called the limit of an infinite sequence u,, Uz, U;,... 
find a positive number N depending upon € such that |u, —1| < € for alln 2 N. In such case we write 
lim u, = L If the limit of a sequence exists finitely, then the sequence is called convergent, o herwise it 


noo 


is called divergent. 


if for any positive number €, we can 


Note: A more intuitive way of expressing this concept of limit is to say that a sequence U, U,, u;,... has a limit 


1 if the successive terms get “closer and closer” to . 


Important theorems on sequences: 
Theorem 4.1.1. Ifa sequence has a limit, then it is unique [i.e. it is the only one]. 


Theorem 4.1.2. Let u, =a, + ib,, n = 1, 2, 3, ..., where a, and b, are real. Then a necessary and sufficient 


condition that {u,} converges is that {a,} and {b,} converges. 


=> 


C 99 ~> 
eA, oe | 


~ 
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Theorem 4.1.3. A necessary and sufficient condition that {u,f converges is mies for any aes Seek 
exists a positive integer N such that |u,-u,|< € for all p,q > N. This oleh Eve i sao 
Convergence Criterion and the sequence {u,} is known as Cauchy eee < ai 
sequence is a Cauchy Sequence. 


Results on limit of sequences: 
If lim a,=Aand lim b, = B, then 
Noo N00 


() lim (a, + b,) = lima, + lim 6, =A +B 


(ii) lim (a,-b,) = lima, - lim b, = A-B 


(iii) lim (a, b,) = (ima, } lime, )= AB 


lima 
(iv) lim “2 = me" 4A B20. 
m= b, limb, B 


ne 


4.1.2. Sequence of functions: 
Let {u,(z)}, be a sequence of functions of z defined and single-valued in some region of the z plane. 


U(z) is called the limit of u,(z) as n —» ©, if given any positive number € there exists a positive integer 
N [depending in general on both and z] such that |u,(z) — U(2)| < € for all n > N. In such case, the 
sequence {u,(z)} converges or is convergent to U2). 


Uniform Convergence: 
A sequence of functions {f,} is said to converge uniformly to f on a set S, if for every €>0, there exists 


a positive integer N (depending on € only) such that \f,(z)-f(z)| < € V nN, zES. 
4.2, INFINITE SERIES 


4.2.1. Series of numbers: 
Let u;, Uz, U;,... be a given sequence. Form a new sequence S,, S,, S,,... defined by 


S,=u,, 
5S, =u, + u;, 
S,=u, tu, +u;, 


S,=u,+u,+..+u, 
Here, S, is called the nth partial sum of the first n terms of the sequence {up 


Yu, =u,+u,t.. +u, +... is called an infinite series. If lim u, = u exists finitely, the series is 
ne 


called convergent and u is its sum; otherwise the series is called divergent. Thus, a series is said to 
converge iff the corresponding sequence of partial sums is convergent. 


3 i 


Result: A necessary condition that a series Yu, is convergent is lim u,=0 but this is not sufficient. 
noo 


4.2.2, Series of functions: 
From the sequence of functions {u,(z)} let us form a new sequence {S,(z)} defined by 
S,(z) = u,(z) 
S,(z) = u,(z) + u,(z) 


S,(@) = u,(z) + u,(z) + ...+ u,(2), 
where S,(z), called the nth partial sum, is the sum of the first n terms of the sequence {u,(z)}. 


The sequence S,(z), Sz), ... or {S,(z)} is symbolized by u,(z) +, (z)+...= Du, (Z), is called an 


n=l 


infinite series. If lim S,(z) = S(z),the series is called convergent and S(z) is its sum; otherwise the 
i rar \ 


series is called divergent. 


Cauchy’s General Principle of convergence for a series: 


The necessary and sufficient condition for the series ve, z" to be convergent is that to a given 
n=0 


positive number, € there corresponds a positive integer m such that 
Ing) Hyg: +--+U,,, SE Vn2m, p20. 


ntl 


Absolute Convergence: 


A series Su,(2) is called absolutely convergent if >» u,(z)l, converges. If Yu, (2) converges but 


ol n=l n=l 


>» u,(z)| does not converge, then Y4,() is said to be conditionally convergent. Every absolutely 
ml nel 
convergent series is convergent. 


Uniform Convergence: 
Let {f,(z)} be a sequence of complex valued functions defined on a set S in C. Then series > f,(2) 
asl 


converges uniformly on the set S if sequence of partial sums {S,(z)} converges uniformly on S. 


i 102 =< Sat Ss] 
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Theorems on Convergence of series: 
A finite number of terms can be added or deleted to 
divergence of the series. 


a series without altering the convergence or 


; es not a, 
Theorem 4.2.1. Multiplication of each term of a series by @ constant different from zero do iffect the 


. ; ; ies, its ill change. 
convergence or divergence. However, in case of convergent series, its sum will 4 


Theorem 4.2.2. A necessary and sufficient condition that ¥° (a, + ib,) converses (where a, and b, are real), is 


n=l 


that > a, and > b,, converges. 


n=l n=l 


Theorem 4.2.3. If PF lu, | converges, then yy u,, converges, but the converse may not be true. 


n=l n=l 


Theorem 4.2.4. Let 4, be an absolutely convergent series having sum S. Then every rearrangement of 


yu, also converges absolutely and has the sum S. Also the sum, difference and product of absolutely 
n=l 


convergent series is absolutely convergent. These are not so far conditionally convergent series. 


Theorem 4.2.5. (Comparison tests): 


(a) If >! v, | converges and |u,| < |v,|, then Ya, converges absolutely. 


n=l n=l 


(b) If >! v, | diverges and |u,| 2 |v,|, then >! u,, | diverges but 4, may or may not converge. 


n=l n=l n=l 
Theorem 4.2.6. (Ratio test): 


Yu, is absolutely convergent if lim 
nal noo 


Uns : ; 
Pa =1<1 and diverges if 1> 1. If | = 1, the test fails. 


Theorem 4.2.7. (Dirichlet test): 


Let »; a,, and pa be two series of complex numbers such that 


n=l n=l 


(i) the partial sums of v4 are bounded 


n= 


(ii) {b,} is a monotonically decreasing sequence 


eames <—-——-— 
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(iii) b, ~0asn—0co 


Then Ya,b, converges 


n=l 


Theorem 4.2.8. (Root test): 
v4, is absolutely convergent if lim 4/| u, |=1 <1 and diverges if [>1. If 1 = 1, the test fails. 


Theorem 4.2.9. (Integral test): 
. M 
If f(s) 20 for x 24, then = Sn) converges or diverges according as Jim [feo a converges or 
peo da 


diverges. 


Theorem 4.2.10. (Raabe’s test): 
if lim “{ 1- } =1, then du, absolutely converges if 1>I and diverges or converges 


mI 
conditionally if | < 1. If | = 1, the test fails. 


Unat 


Theorem 4.2.11. (Alternating series test): 


Let da, be a series of complex number such that 
n=l 


La,20V néEN 2. Ay, <a, SneN 3. lima, =0 


Then Yen", =a, — a, +4@,... is convergent. 


n=l 


Theorem 4.2.12. (Gauss’s test): 
if Mes =j-L +S, where |c,|<M for all n>N, then D u, converges absolutely if |>1 and diverges or 
u,, non 


converges conditionally if | < 1. 


Theorems on Uniform Convergence: 


Theorem 4.2.13. (Weierstrass M-test): 
Let > M,, be a convergent series of positive real numbers such that |u,(z)| <M, for all nEN and for 


n=l 


all Z in a region R. Then the series va, (z) converges absolutely and uniformly in R. 


n=l 


<103 > 
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; ; ctions 
Theorem 4.2.14. The sum of a uniformly convergent series of continuous fun 


' isa 
continuous in R and S(z) = Lu,(z) is uniformly convergent in Rand C 


is continuous, i.e. if u,(z) is 


curve in R, then i. S(z) dz 


= [@az + [.ua(z) de +... OF [.(2u,(@))de = EI f u,(2ez] 


F oF, integrated term by term, 
In other words, a uniformly convergent series of continuous functions can be integr by 


Theorem 4.2.15. Suppose that 


4.3 


4.3.1. 


4.3.2. 


I. » f, (2) converges uniformly to f(z) in a region R 


n=] 


7 Each f. (z) is analytic in R. . di : 
Then the sum function f(z) is analytic in the region R. Moreover, the series can be differentiated 


term by term any number of times, i.e., Yer (=F (2), ZER, m=I,2,... and each 


n=l 


differentiated series is uniformly convergent in R. 


POWER SERIES 

A series of the form a,+a (2-2,)+a,(2-2,) +... = Ya, (z-Z,)" ...(1), is called a power series about point 
) 

Zp, Where Z,, Qj, @;,Q;,... ,a, are complex anes and 2, is the centre of the series; a,,a,,4),..., , 

are known as the coefficients of the series. In particular, the series Ya,2" is a power series about 


n=0 
the point z,. 


Cauchy-Hadamard Theorem: 


For a power series Yanlz -a)" ...(1), there exists a unique real number R(O < R <0 ) such that it 
ae n=0 “ ‘) 


1) converges absolutely for |z—a| <R 


2) converges uniformly for lz-alS$p(0Sp<R) 
‘ Oi 


3) diverges for |z—a|>R 
R is called the radius of convergence of the power series 
its interior |z|<R all the values of z for which the po 
convergence of the series. 


(1) and the circle |z|=R which also includes in 
wer series (1) converges is called the circle of 


The radius of convergence is given by the relation: 1 = \im la, |" = i e 
Ro nae 7 aut : 
n 
Region of Convergence: 
The power series Dah ae either 
(i) Converges for all values of z 


per conc 
| <104™ a aaa ee 
—_-----—_—— ee e 


(ii) Converges only for z=z, 


(iii) Converges for z in some region in the complex plane. 
Theorems on Power Series: 


Theorem 4.3.1. 
(i) A power series converges uniformly and absolutely in any region which lies entirely inside its 


circle of convergence. 


(ii) A power series can be differentiated term by term in any region which lies entirely inside its 


circle of convergence. Thus if f(z)= > a,2" converges in |z|<R, then the derivatives of all 
n=0 


orders of f(z) exist in |z|<R and f” (z)= Yinn -1)(n-2)...(n-—m+Da,z"”" » m=0,1,2..... 


n=m 


A power series f(z)= pe a can be integrated term by term along any curve C which lies 


(iii) 
n=0 
entirely inside its circle of convergence, i.e., J Ff (z)dz => a Ae dz 
n=0 c 
(iv) The sum of a power series is continuous in any region which lies entirely inside its circle of 


convergence. 


Theorem 4.3.2. (Abel’s theorem): 
Let daz" have radius of convergence R and suppose that z, is a point on the circle of convergence 


such that dia, z" converges. Then \im Da,2" = La, zi. 
292 


Theorem 4.3.3. If a,z2" converges to zero for all z such that |z| < R, where R > 0, then a, = 0. 
Equivalently, if Daz" = 15,2" for all z such that |z| < R, then a, = b,, 


Example 4.3.1. Find the domain of convergence of the series »(33 3) 
1 
. a 5 3 ntl 
Solution: Here, u, =| ——— =A Mas = ( : 4 
5+2i 5+2i 


Una) iz-3|_liz—3l 
eli, 
00) U,, 


Now, lim 
" 5+2i|  /29 
liz— 31. 
=> The given series is convergent, if i 
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= iz-31<V29 = fiplz—31<J29 12 43i1< 29 
i 
Thus, the given series is convergent in the circle |z + 3il<V29 


2n 


Example 4.3.2. Examine the behavior of the power series by on the circle of convergence. 


(2n+3)° 
: 2 
| Solution: Here y=—' — , =) Vg Mont} opi 2843} 2 
‘| (2n+3)?" "" (2n45)? Room, | Qn t5 
i. ; 
Ht Hence the radius of convergence of the given power series is 1 and center of convergence 0. 
‘ a2n | z \27 1 
Now for every point on the circle of conver ence, |—* ____| ={ —_*—____ = —_____ 
aa : . (2n+3)?| 1(2n+3)71 (2n+3)? 


[. \z| = 1 on circle of convergence] 


‘ 
rats Viet wits [eal owe re SPT Oe 


Now, since by comparison test, — >) is convergent for all values of n, so the power series 
(2n + 3)° 


2n 


z is convergent for every point z on the circle of convergence. 


(2n + 3)* 


PRACTICE SET —I 


Exercise 1. The radius of convergence of power series dn' —n +3)z" is 


n=0 
(a) 0 (b) 1 
(c) 5 (d) 
Exercise 2. The radius of convergence of the series pp ea a is 
ml (n+ 1)" 4" 
(a) 2 (b) 1 
(c) (d) 4 


2 
Exercise 3. The power series x, z" 


(a) converges absolutely in unit circle centered at origin 
(b) converges uniformly in unit circle centered at origin 
(c) does not converge in unit circle 

(d) converges in |z| > 1 


Exercise 4, The sequence ne" } is 
(a) convergent (b) divergent 
(c) oscillating (d) convergent and converges to 0 
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Exercise 5. The series 


oo iy"! , 
x Qn+)!" 


(b) divergent 


(a) con vergent 
(d) none of these 


(c) constant 


Exercise 6. The radius of convergence of the power series of the function f(z) i about z= ; is 
z 
(a)! (b) — 
4 
3 
Ss ‘d) 0 
(¢) 4 (d) 


Exercise 7. The series > 


4.4, 


4.41, 


(GATE-2001) 


, [2|S/ is 


mi aynt+l 
(a) uniformly but not absolutely convergent 
() uniformly and absolutely convergent 
(c) absolutely convergent but not uniformly convergent 
(d) convergent but not uniformly convergent 


TAYLOR’S SERIES 
Let f(z) be analytic inside and on a simple closed curve C. Let a and a + h be two points inside C. 


Then fla+h)=fla)+hf (a)+™f"(a)+...+ © ("(a) +... OD 


or writing z=a th, h=z-a, fe)Rla)+ (a) e-a)+ LO) -a}+,.+ 2 @ Gay's... (2) 
2! n! 


Thus f(z)= Sia,(z—a)" , where a-f@) (a) 
n=0 n} 

This is called Taylor’s theorem and the series (1) or (2) is called Taylor's series expansion of f(a + h) 
or fiz). The region of convergence of the series (2) is given by |z — a|< R, where the radius of 
convergence R is the distance from a to the nearest singularity of the function f(z). On |z-a|=R, the 
series may or may not converge. For |z-a|>R, the series diverges. 

If the nearest singularity of f(z) is at infinity, then radius of convergence is infinite, i.e. the 
Series converges for all z. Ifa = 0 in (1) or (2), the resulting series is often called Maclaurin series. 


Some Special Series: 
The following list show some special series together with their regions of convergence. In the case of 


multi-valued functions, the principal branch is used. 


2 3 a 
Lo@=t4z4+ 2424 424 else 
2! 3! ni 
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as 
2. sine=z-2 42 yr! Sn Pe 
31 5! (2n-D! oa 


ye dn 
3. cosz=1-2_ 42 - -p)"'_2 : +...,|z|< 00 
2! 4! (2n-2)! 


3 5 
: 225 


4. tanz = z+ +4" 4...,|z|<oo 
3. 15: 
ay 3 z” 
5. log(I+z)=z- £42 - 1. (-1)""' + 4t...,|z/</ 
2) 3: n 
A 38 2n-l 
6 tavt'z=7-242. ey '2—+... |<] 
a Ss \ 2n-1 


7. (L+z}h=1+ke+ KERD Py MDD ry |zi<d 
2 n\ 


Note: A function f(z) can be expanded as a Taylor's series only if f(z) is analytic at all points inside the circle 


C. This assures the convergence of Taylor's series for f(z). If f(z) is not analytic at z=z,, then f(z) is 
expanded about z=z, by Laurent’s method. 


4.5. LAURENT’S SERIES 


Let C, and C, be concentric circles of radii R, and R, respectively and centered at a. Suppose that f(z) 
is sir ‘e-valued and analytic on C, and C, and in the annular region R between C, , and C), shown 
shuue. in the figure. Let a + h be any point in R. Then we have 


fai)maytahiays.t 8482,234.., wr 


1 (2) 

oi 7 a HDL dows wet a= s$. (ea) fields, n=1,2,3,.. (4) 

C, and C, being traversed in the positive direction with respect to their interiors. 

In the above integrations we can replace C, and C, by any concentric circle C between C, and C; 
Then the coefficients (4) can be written in a single formula, : 


-1g _f@ 4 n=0,41,4 
ae f. aay dz, n=0, +1, 2, ... O 


i a 108 | 


where a,= 


By taking z=ath, (3) can also be written as 


f(2) =a, 4+4,(Z-@)+a,(z-a)+..+ “Sr 4 42 gg (6) 
z-a (z-a)? 
1 s) 
where a, . Anite aa », n=O, +7, +2 wad bas (7) 


(3) or (6) with coefficients (4), (5) or (7) is called Laurent series expansion. 
The part a, + a,(z — a) + a,(z —a)* + ... is called the analytic part of the Laurent series, while the 
remainder of the series which consists of inverse powers ofz—a is called the principal part. 


Note: If the principal part is zero, then the Laurent series reduces to the Taylor series. 


PRACTICE SET - II 


Exercise 1. Let f(z) = u + iv be an entire function having Taylor's series expansion as ef, fx) = ux, Y 
n=0 


and ffiy) = iv(0, y), then 
(a) a,,=0Vn (b) ay = a, =a, =a, = 0,a,#0 


(C) Ay, =OVN (d) a, # 0 but a, =0 


Exercise 2. Let f be an analytic function and let f(z) =Yia,( z—2)”" be Taylor’s series of f(z) in some disc. 


n=0 
Then 
(a) f(0)=(2n)!a, (b) f(2)=nl!a, 
(o) f°(2)=(2n)!a, (a) f°(2)=nla, 


Exercise 3. The value of a, in the expansion of e* about z= a is 
cal 
(a) e4 (b) e 


e4 e4 
(o) or (d) — 


ixercise 4, Expand sin’z about z = 0. 


! ; valid in region |z|>2, the coefficient of a is 


: : 1 
xercise 5. In Laurent series expansion of f(z) = Pe = 2 
-— = 


(GATE-2004) 

(a) -1 (b) 0 

(o) 1 (d) 2 
<> ae | 
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KEY POINTS 
> A series having the form Ya, z-2Z,)" is called a power series centered at z, 
n=) 
> Cauchy-Hadamard theorem: It states that 4 a positive number R such that series ¥4,( z-Z,)" 


n=) 
converges absolutely for |z — z)| < R, eae: uniformly for \z-z, 1S p<R for every p< Rand 


iver NY aint 2 
diverges for |z —z,| > R, where rk limla, i = jim |. R is called the radius of convergence. 
n-peo no) 


0 


> Let f(z) be analytic inside and on a simple closed curve C and ‘a’ be a point inside C, then 
f(a x deg be “e ) 


-a)' +..42-—— (z-a)" +... is the Taylor's series expansion of f 


in the neighbourhood of, He a. 


a_, 


> f(z) =a, +4,(2-a)+a,(z- ay t..t +..., where 


Ermey iG 
z-a (z-a)” 


a, - —f _ f(s) _ 4, n= 0,41, 42, ... is Laurent series expansion. 


2milo(s—a)""! 
SOLVED QUESTIONS_FROM PRE VIOUS PAPERS 
ac 
Example 1. The radius of convergence of De z is (GATE-2006) 
n=0 n 
(a)e (b) Ie (oc) 1 (d) 


Solution: (b) Radius of convergence is given by 
1 


(7) 
lim |a, a 


aye 
R o~- 
(: +t) tals 4) 
n ave = 
n 


("= lim 
ed 


: C110 ‘i a 
Se | . ee 


Example 2, It is given that Xa,z" converges at Z=34+4i. Then the radius of convergence of the power 
ned 


series }a,z" is (GATE-2007) 
n=0 


(a5 (b) =5 (<5 (d)>5 


Solution: (b) If Yaz" has radius of convergence r, then the power series converges for \z\<r and 


n=l 
diverges for |z| > r. At |z| = r series may or may not converge. Given that it converges for z = 3 + 4i 
ie. for a point z with |z| = 5, i.e., the point z = 3 + 4i either lie inside the circle or lies on the boundary. 


=> Either r is greater than 5 or equal to Sie. r2 5, 


Example 3. Let f: C—+C beanar bitrary analytic function satisfying f(0) = Oand f(1) = 2. 
Then (GATE-2007) 


>n 


(a) there exists a sequence {z,} such that lz, >n and Lf (z,) 


(b) there exists a sequence {z,} such that |z,|>n and lf (z,) <n 


<n 


(c) there exists a bounded sequence {z,} such that | if (z, > n 


(d) there exists a sequence {z,} such that z, 0 and f' (z, )>2 


Solution: (a) Given that f(z) is analytic function on C satisfying f(0)=0 and f (I) = 
=>f (z) is non- constant, entire function => f(z) is unbounded [By Liouville's Theorem] 
*. J sequence {z,} such that |z,| >and | f(z,)l>n 


Example 4, The coefficient of (z—2)° in the Taylor series expansion of f(z=\2-2 e 2AK around 70 
=l1 Y g=2 
Is (GATE-2013) 
(a) 1/2 (b) -1/2 (c) 1/6 (a) -1/6 
— ae z# ; 
Solution: (c) Taylor's series expansion of f (z)=4 z— is given by 
a if 2=2 
f(s sin sin Zz _ sin(z — 1+) 
- 2-H 
_ sin(z— af cosa+cos(z—7)sint _ + sin(z— ») 
. (2-2) 2-m 
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(2-2) Cae 


Pe ee 5! 


(z-2) 


1 
= Coefficient of (z-1)° = 6 


og Albin dn jf GATE-2014, 
Example 5. The radius of convergence of the power series ye z” is ( ) 
n=0 


“ ‘ gra 
Solution: (Ans. 0.5) Consider, the power series ya m2 here a, =4 


n=0 
( , n odd 
a= 


" \4" , nm even 
1 
If n is odd, Ei liml4" |" =47 = where R is the radius of convergence 
R13 4 
&R=4 >7<4 >I <2 
1 
F = 1 
Ifn is even, A ima => R=— 
Ro 4 


21 1 
z<-— alzi<— 
4 2 


1 
=> Radius of convergence of the Power series is— = 0.5. 


Example 6. If the power series ye 58, (ZF3-1)- converges at 5i and diverges at —3i, then the power 


series (GATE-2015) 
(a) converges at —2+5i and diverges at 2—3i 


(b) converges at 2—3i and diverges at —2+5i 
(c) converges at both 2—3iand —2+5i 
(d) diverges at both 2—3iand —2+5i 


Solution: (a) Consider the power series )\a,(z—(-3+i))" 
n=0 


As, \5i—(-3 +i) l=13 + 4 I= 5 and |-3i-(-3+i) l=13-—4j |= 5 


Also given that the series converges at Si and diverges at -3i. Therefore, the radius of convergence of 


a,(z—(-3+i))" is 5 and Si and -3i li 

va ies on the boundary of the circle of convergence. 
At ~245i, |-2+5i-(-3+i)|=14i+1E-V17 ~ 4 (approximately) 

Hence, the given power series converges at —2+5i 


At 2—3i,12-3i-(-3+ i) EIS5—4i1=V41 ~6 (approximately) 


es 
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Hence, the given power series diverges at 2—3i 
OR 


As -2 + Si lies inside the circle of convergence and 2-3i lies outside the circle of convergence. 


.”. The series converges at -2 + 5i and diverges at 2 — 3. 


Example 7. The maximum value of the function f(x,y,z)=xyz subject to the constraint xyt+yz+zx-a=0, a>0 is 
(GATE-2012) 


3 
(a) a? (b) (a/3)” (c) Blay” (d) Bal 2)°? 


Solution: (b) 
xy,z>0 


2 
+xZ+ 2 
By arithmetic-geometric inequality z — se ares >i xy.xz.yz =(f (x, y,z))? 
3 
a )2 
=>f(x,y, as($] 
Atx=y =z, f (4 y,2=xX° 


P ° 2. 
As x=y=z also satisfies the constraint. Therefore, a=3x’. 


Note that f (x,y,z) =x° -(¢} 


_ fa) 
So maximum value is (S} 


(CSIR UGC NET JUNE-2011) 


(c) \zis V2 (d) \z\< V2 


Example 8. The power series x 27" 2" converges if 
0 
(a) |zls2 (b)\z\<2 


Solution: (d) Given Power Series is ye zn 
0 


art inernentaremeaaee ste ee eS a he ect ee 
| COMPLEX ANALYSIS CHA -4 


Let z’=t », v2 zn “yr 
0 0 


= gn! 
By Cauchy-Hadamard theorem 
1 ‘ 
—=lim 
Roa, 
Power series converges inside the circle of convergence, ie, |< R 
2 . ’ ’ 2 ;, 
=> |z'|<R, i.e, Power series converges if |z'| < 2 => Power series c 


Now check for |z|= V2 


—_9-" 
Here, a,=2", Gast 


=n-l 
any 


a7" 


aE iin -| = R=2 


hee 
=>—=lim 
R 


n-vonl 2 


converges if |z|< 2 


For z="2, Pee = v1 diverges .'. Power series converges if \z|< V2 
0 0 
=>> Option (d) is correct. 


Example 9. Consider the power series yaks where a, = number of divisors of n”’. Then the radius of 
n2i 
convergence of yas is (CSIR UGC NET DEC-2011) 


n2i 


(a) 1 (b) 50 (c) 1/50 (d) 0 
Solution: (a) We know that d(n) ~ n, for large n [d(n) = Number of divisors of n]. 


.. Radius of convergence of the power series Yd (n™) z" will be same as that of the series yi z 
n2i n21 
Here, a, =n” 
1 


—=lim 
R neo 


Aust) — tim 
a, ne 


50 
(n+ a1 R=] 


n 


.”. Radius of convergence of the power series > d(n™)z" is also 1. 
n2) 


Example 10. Consider the power series bs 2". The radius of convergence of this series is 


n=l 


(CSIR UGC NET DEC-2012) 
(a) 0 (b) (¢) 1 (d) a real number greater than 1 


120 


Solution: (c) \\2" =z+ 2 +242" 42 4..,, 


n_ 2 b 
We know, ye zg" =1+z+2Z°" +....,converges for |z| < 1, ie., its radius of convergence is 1 
> z” contains less terms than > Zs 
«. Radius of convergence of = is> 1. 


But at z = 1, the seri 2" di “. Radi . 
ub atz e series > tverges .. Radius of convergence of Xz "is also 1. 


=> option (c) is correct. 


Ce nn ee a ~~ e 


erence 
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Example 11. Let p(x) be a polynomial of the real variable x of degree k 21. Consider the power series f 


(2) = ae p(n)z", where z is a complex variable. Then the radius of convergence of f (z) is 
(CSIR UGC NET JUNE-2014) 
(a) 0 (b) 1 (c) k i es 


Solution: (b) Let p(x) =x bea polynomial of the real variable x of degree x = 2 
Then Power Series f(z)= . FS pron 
z=) p(njz" = z 
os dn 


5 n=O 
Take a, =n" 


Gis 


Radius of convergence of f(z) is ; = Lim 
n—veol q 


> 


: ] 
ga gy =f bin( 1+ >—=!1 >R=!l 
R fe n R 


no n no 
So options (a), (c) and (a) are incorrect 


=> option (b) is correct. 


nl = R>O. Let p be a polynomial 


Example 12. Let yee be a convergent power series such that lim 


no 
a, 


of degree d. Then the radius of convergence of the power series pan p(n)z" equals 
(CSIR UGC NET DEC-2014) 


(a) R (b) d (c) Rd (d) R+d 


= ime atnf 142) =| 
oa / # n 


Solution: (a) Take d = 2 and p(n) = nv 
p(n+1) = (n+1) 
n+l 


, : — 2 jae 1... ja 
Radius of convergence of the Power series yin z” is given by 5 = ing 
n=0 ml a, 


] 


=> only option (a) is correct. 


Example 13. Consider the following power series in the complex variable z: 


f(2= Ds nlognz",g(z)= > elf r, Rare the radii of convergence of f and g respectively, then 
=] n=l n 
(a) r=0,R=1. (b) r=1,R=0. ()r=1,R=%. (djr=0,R=]. 


Solution: (b) f(z)=>yinlogn va 
n=l 


logn (14+ logn-+tog( 1+") 
_(a+1) log(n +1) -(1+4) (142) oe so 
logn 


a 


n+l 


a, nlogn 


Tig ae a ee i ne) i ge en ee 
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| 
log( 1+] 1 
={144)}14—4 2 -(1+4) 1h alta 
n logn n nlogn 2n‘logn 


Now g (@=)—2" 
n=] 


1 
"= tim + a-[ simini =H 


1 pa 
—=limla, |*=lim |& 
R ne 


n>! 7 neo | < | a 
=> R =0=> option (b) is correct. 
Example 14. The radius of convergence of the series > 2" is (CSIR UGC NET DEC-2016) 
n=! 
(a) 0 (b) 2° (1 (d) 2 


— 2 
Solution: (c) Given series is > z" 


n=l 


Clearly at z=1, the series Py! diverges 


n=l 


=>> Options (b) and (d) are incorrect. 
1 
Now, consider a point Zz re 


S(tf atti t, 
6 6 6 6 


n n 
2] es 
As we know ¥(2) is convergent > >(#) is convergent 


n=l n=l 


=> Option (a) is incorrect and hence (c) is correct 


ASSIGNMENT - 4.1 


NOTE: CHOOSE THE BEST OPTION 


1. Let fiz) = da, 2” and f(z) = > na, 2""' have the radius of convergence L and L' respectively, then 


n=l 


n= 
(a)L=L' ()L>L' ()L<L' 


2. Let f(z) Sa and g(z) = y a, 2" have the radius of convergence L and L' respectively, then 
. n=) 


n=O 
(L>L' ()L<L' ()L=L’ 

3. A Maclaurin series is a Taylor series with centre 
(a)z,=1 (b)z,=0 (c) z= 2 


4. If f(z) is an entire function, then the Taylor series is 
(a) convergent for all z (b) divergent for allz (c) constant 


5. The series Da, converges absolutely if 
(a) Lia,| converges (b) Xa, converges (¢) Dla, diverges 


6. The centre of convergence for the power series s (n+ 2i)" 2” is 
n=O 


(a) 0 (b)-i (c) 2% 
7. The centre of convergence for the power series by n(z+ iv2 )" is 
n=l 
(a)-i 2 (b)-i (c) \2 
NOTE: MORE THAN ONE OPTION MAY BE CORRECT 


8 Ifseries Da, converges absolutely, then 


(d) none of these 


(d) none of these 


(d) none of these 


(d) none of these 


(d) none of these 


(d) none of these 


(d) none of these 


(d) equal to zero 


(d) all of these 


(a) 2a, converges () La, does not converges 
(¢) La, diverges (d) X\a,| converges 
— 1. 
9. The series ) —~is not 
Th 
(a) divergent (b) convergent (c) constant 
we antsi a 
10. The centre of convergence for the power series » ar (z—- i)" is not 
n=0 - 
(a) i (b)-i (c)2 
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ASSIGNMENT _- 4.2 


NOTE: CHOOSE THE BEST OPTION 


EES ey 
>: ta equal to 
n=O °° 


(ae ie" 
(é (d) none of these 


2. Due Vea zm a is equal to 


n=0 
(a) sinz (b) cos z 
(c) tanz (d) none of these 
= ant 
& Yep 2—i 
2! ) nani equal to 
(a) sinz (b) cosz 
(c) tanz (d) none of these 


4. The radius of convergence of the power series ya +2i)" z' is 
n=O 


(a) 0 (b) one 
(oh (d) none of these 


a n+Si : 
5. The radius of convergence of the power series Y (z- i)" is 


na (2n)! 
(a) 0 (b) © 
(c) one (d) none of these 
6. The radius of convergence of the power series ype 2i)" 5 
re 
(a) °° (b) zero 
(c) one (d) none of these 


7, The centre of convergence for the power series (2 zy 2" is 


145i 
(a) 1 (b) 2 
(c) zero (d) none of these 


inv i4)™ 
e f 
8 } is 
n 
nel 


(a) unbounded (b) bounded 
(c) divergent (d) none of these 


9. The sequence {(-1)" + 100i} is 
(a) unbounded (b) bounded 
(c) convergent (d) none of these 


10. The series pp is 


n= oO 
(a) convergent (b) divergent 
(c) constant (d) none of these 


; ! : 
Il. For the power series >, <2", the radius of convergence is 
n 


(a)e (b) 1 
(c) °° (d) zero 


12. If f= va, (z-a)" have radius of convergence R > 0, then 
n=O 


(a) Forn $0, a, = +f (a) (b) Forn 2 0,a,=0 


(c) Forn20,a, = 1f” (a) (d) None of these 


nt 


1 
13. The radius of convergence of power series f(z) = > Po a is 


(a1 (b) 2 
(o) 3 (jo 


14. The power series »— aeR 
nal 7t 
(a) has radius of convergence | 
(b) cannot say about radius of convergence unless the value of a is specified 
(c) diverges for all values of a 
(4) diverges only for specified value of a 
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NOTE: MORE THAN ONE OPTION MAY BE CORRECT 


15. The radius of convergence of the power series > 22" is not 


“(a2 
(co) 1 


Cy ~yn 
16. The series r°(3) is 
al 
(a) convergent 
(c) bounded 


17. The series ye converges at 
nl 


n=O. 


(a) for all z 
(c)z=2 


18. The series yi 00 +75i)" jg 
m0 nl! 


(a) convergent 
(c) non-zero 


19. The sequence { ani is 


WEL pei 
(a) unbounded 


(c) convergent 


20. The sequence { aid is 
1+ 3ni J 


(a) convergent * 
(c) unbounded 


1+ in? 
“(by 172 
(d)4 


(B) divergent 
(a) unbounded 


(b)z=1 
(d) None of these 


(2) divergent 
(d) absolutely convergent 


(b) divergent 
(d) bounded a 


(b) divergent 
(d) bounded 


CaaS 


ASSIGNMENT - 4,3 


NOTE: CHOOSE THE BEST OPTION 


L 


3 


The radii of convergence of the power series Ya,2" and ¥a,2" are R, and R,. The radius of 
convergence R of power series Ya, +b,)z" satisfies 
n=l 
(a) R= R,+R, (b) R2min(R,,R,} 
(c) R Smin{R,,R,} (d) none of these 
Let f and g be analytic in a domain D, and let each have zeros of order m and n at Z,, respectively, then 
order of zeros of f + g is 
(a)m +n (b) 2min{m,n) 
(c) S$ max{m,n} (d)mn | 
The sum of the power series 2" In for|z|< 1, is 
n=l 
(a) log(I +z) (b) -log( I -z) 
(c) log( 1—z) (d) none of these 
The sum of the power series ye K2n+1) for|z|< 1, is 
n=O 
(a) (1/2)log [(1 + z (1-2) ] (b) -log( I -z) 
(c) -(1/2)log [ (1 + 2) 1-2) ] (d) none of these 
The sum of the power of series ¥(nt3)z" for |z|< lis 
n=0 
(a) (3-22)(1-2)" (b) (3+22)(1-2)" 
(¢) (3-22)(1 +z)” (d) none of these 
7 +i)" eye 
Consider the series ) a,, where a,,_,=|—= and a,,=|—=| , then Ya, 
Zen me =e] oan [ og) +m 
(a) diverges (b) converges 
(c) may or may not converge (d) constant 
Function f(z) = __! _ in the domain|z| >3 has a Laurent series expansion given by 
(z+1)(z +3) 
t 2-3 20 1 8 13 40 
QS t te Qa aie ee 
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10. 


i. 


12, 


13. 
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ER SPS! ae Sn ee 

hg eg or te: @—s-atan ort 
PS ee zg z 

q : tae i 

he coefficient of — ~in the Laurent series expansion of S"£4 is 
(a) 0 ) a 
ES (d) 1 
a 5 7 Py 

‘ i i By oa “& “ “ 

The radius of convergence of the series given as 1+ z+ a te - + 5 + ae +... is 

(a) 2 (b) ia 

ae (d) 0 


° 3 ieee 
The domain of convergence of the series 5 m( z+!) is 
= I+i 
n= 


(a) |z+1\< V2 (b) z+ llc 2 
(oc) 122 +1 V2 (a) 12? +1l< 2 


— about the point z = -iis 


Taylor's expansion of f(z) = I 
(z+1 


1 I(z+i)" 
(a) (2i- 2+4 +— <l1 I GANG)" 
2 24+ 3[ aC ar =e (l-i)" 
i =  (n—1)(z+i)" 
(o) h-Sen wane) (d) none of the above 
2 a: (I-i)" 
When 0<|z|<4, the expansion of g _ is 
Agaz: 
(- 1)" on 
‘a (b) 
(a) Lie eae 4"! 
(0) Lae re (d) none of these 


If sinz= Yan (z-1/4)", then a, equals 
n=0 


(a) 0 (b) = 
1 -1 
(Diesen 
i (720V2) (7202) 
“C2 > a = 
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14. Coefficient of I/z in expansion of loe( 2} valid in |z|>1, is 
Zz _ 
(a) -1 (b) 1 


1 I 
(¢ > (d) 3 


NOTE: MORE THAN ONE OPTION MAY BE CORRECT 


15. The radius of convergence of the power series f(z) = +! Signy 
(n+ 2)(n +3) 
(a) 1 (b) 2 
(c) 3 (d) 4 
| : F 
16. If f(z) =—————_., then expansion(s) of f(z) is/are 
IO)" GD 
o eo nel 
(a) ¥(1- A )eritett () YI zkk1 
n=l 2” n=0 2 
(c) +724 $3275 4271 zI>2 (d) only (a) is true 


me @ a <> ial 
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CHAPTER - 5 
CLASSIFICATION OF SINGULARITIES AND 
LAURENT SERIES 


INTRODUCTION 

We have studied that singularity is in general a point at which given mathematical object is not defined or a 
point of an exceptional set where it fails to well-behaved in some particular way. In this chapter, we shall 
discuss types of singularities and calculus of residues at those singularities. Also we will study Laurent series. 
The Laurent series of a complex function f(z) is a representation of that function as a power series which 
includes terms of negative degree. It may be used in cases where a Taylor series expansion cannot be applied. 
So, we will extend Taylor series to Laurent series which is found about a singular point in this chapter. 


5.1. | ZEROS AND SINGULAR POINTS 


5.1.1. Zeros of an Analytic Function: 
The value of z for which the analytic function f(z) becomes zero is said to be the zero of f(z). 
If f(z) is analytic in a domain D and z, is any point of D, then we can expand f(z) as Taylor series about 
z=z, givenby f(z)=)°a,(z-%)" 
n=O 
Uf a) =a, =a, =...=a,,, =0 and a,, #0, f(z) is said to have a zero of order m at z=2,. 


A zero of order one (m=1) is said to be a simple zero. 


Definition: An analytic function defined in |z — a|<R is said to have zero of order mEN at point a if fia) = 
f'(a)=...= f(a) =0 and f'" (a) #0. 


Note: Zeros of an analytic function are always isolated. 


For Example: The function f(z) = z = 2 sin( } has zero at z=2, because at z=2, f(z)=0 
2 


Also, zeros are obtained when sa +) =0 


1 
pe en Soe eee =>z=lt+—,n=t1,+2,... 
z-l nt nt 


5.1.2. Branch Points and Branch Lines: 


1 io 
‘ » 2 ei een) 
Consider the function w= f(z)=z?. => w=vre? [. z=re' 
Let z starts from z, = re'* and moves along a circle of radius r centred at origin. Thus, at Zy 


16) 
w=-Jre2 wl) 


Now after traversing |z| = r in anti-clockwise direction, when z reaches point z,, then at z, 


<5 > 
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1642") 16 


w=vre 2? =-¥Vre? ..(2) 
Thus the same value of w is not achieved at z = Zp. 
(4442) 8 
: =Jre 2? =vre’ 
However, when z traverse |z| = r second time then atz,, w=vTe 


Thus, the same value of w has been obtained as in (1). Hence 0 is the Branch point of the function 


= 
iH 
an 


Basically, branch points are the points where the various sheets of a multiple valued function come 
function. For e.g., if 0S 0 < 21, 


together. The branches of the function are the various sheets of the 
i 


valued function z2 is obtained and if 2 <8 < 4M then the other 


then one branch of the multiple- 
ingle-valued. In 


branch of the function is obtained. But it is clear that each branch of the function is s 
order to keep the function single-valued, a branch cut or branch line is set up. A branch cut is a curve 
in the complex plane such that it is possible to define a single analytic branch of a multi-valued 
function on the plane minus that curve. 

It should also be noted that any circuit around any point except z = 


1 
function z? . Thus z = 0 is the only finite branch point. 


0 does not yield different values of 


Definition: The point z, is called a branch point for the complex (multiple) valued function f(z) if the value of 
f@) does not return to its initial value as a closed curve starting from some arbitrary point on the 
curve, around the point is traced in such a way that J varies continuously as the path is traced. 


Note: Branch Points of multiple-valued functions are singular points. 
Example 1: f(z) = (2- 4)'° has a branch point at z= 4. 
Example 2: f(z) =In (Z - z— 2) has branch points where z-z-2=0,ie, atz=-landz=2. 
5.1.3. Singular Point or Singularity: 
Let f(z) bea complex-valued function. A point z = 2, is called a singular point or singularity of (2), if 


J@) is not analytic at z = 29 but every neighbourhood of z, contains at least one point at which f is 
analytic. Singularities are of two type-isolated and non-isolated singularities 


Rea a 126 emaiaremceet 


5.1.3.1, Isolated and Non — Isolated Singularities: The point z = zy is called an isolated singularity or isolated 
singular point of f(z) if there exists & > 0 such that the circle |z — z,| = S encloses no singular point 
other than z, (i.¢., there exists a deleted 8 neighbourhood of z, containing no singularity). If no such & 
can be found, then z, is called a non-isolated singularity. If z, is not a singular point and there exists 
find 8 > 0 such that \z —z,| = 8 encloses no singular point, then z, is called an ordinary point of f(z). 


I 
eg (1) fiz) = Ser z=1 is an isolated singularity of f(z) in |z-1| < 5 


(2) f@) = ie z, z=0 is non-isolated singularity Of f(z). 
Remark: Ifa function has finite number of singular points, then singularity at those points is always isolated. 
5.1.4 Types of Singularities: 
@ Removable Singularity: If all the coefficients b, in the Laurent series expansion of f(z) about z, are 
zero, i.e., if the principal part of f(z) at z=z, consists of no terms, then z, is called removable singularity 


of f(z). Iff has a removable singularity at 2=2, then there exists an analytic function g(z) at z, such that 
J@)=g(2) for all z in some deleted neighbourhood of: Zp 


Bs Seghea 
For Example: If f(z)= Lied , then z=0 is a removable singularity since (0) is not defined but lim oo ep 


Zz 


ie Vers 


We define f(0)= lim 


fey eee Paes | 
Babe! [ves +5 vaptferdeEeee. 
ae 


et about z=0 has no principal part, so z=0 is a 


Since, the laurent series expansion of f(z) = 


< 


removable singularity of f(z). 


Remark: If f has an isolated singularity at z,, then Z = 2, is a removable singularity iff one of the following 
conditions hold: 
(G) Sis bounded in a deleted neighbourhood of Z,,, 


(ii) lim F (2) exists, 


(iii) lim(z —2)f(2)=0 


(2) Pole: If in the Laurent series expansion of f(z)= Ma, (z—a)" in some deleted neighbourhood of a, 


n=O 


the principal part has only a finite number of terms given by aah a rae 7 = _ where a, #0, 
z-a (z—-a)’ z-a)" 


i ° < 1ar> : i : 
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then z= ais called a pole of order n, Ifn = 1, it is called a simple pole. If f(z) has a pole at z = a, then 


lim f(z) = 0 
za 
Example 1. f(z)= Gu has a pole of order 4 at z=3. 
Z _— 
Example 2. f(z)=___32-? __ hasa pole of order 2 at z=1 and simple pole at z=-1 and z= 4. 


(z-1)?(z+1)(z-4) 


Remark: 


(1) If g(z) = (2 —2,)" fiz), where f(z,)#0 and n is a positive integer, then z = z, is called a zero of order n of 
g(z). [fn = 1, z, is called a simple zero. In such case, Z, is a pole of order n of the function _1_. 


8(z) 
(2) The poles of an analytic function interior to a simple closed contour are inite in number 


(3) If a function f(z) is of the form f(2= PQ) 


a(z) p(z) and q(z) are analytic at 2» P(Z))#0, then at the point 


z=Zy f(z)= _ has a pole of order m if and only if q(z) has a zero of order m. 
q(z 


(3) Essential Singularity: A singularity which is not a pole, branch 
called an essential singularity. If z=a is an essential singularity 
Laurent series expansion has infinitely many 


point or removable singularity is 
of f(z), then the principal part of the 


terms. Equivalently, z= Zo tS an essential singularity if 
there does not exist any positive integer n such that lim (z — z.)" f= = 
P 8 AM (2 ~ 2)" fiz) = A #0. 


| l l ene . 
Example. For f(z) = or, =|- ae + ee 0 is an essential singularity, 


| 
Example. f(z) = e** has an essential singularity at z = 2. 


Note: If f(z) has an essential singularity. Then there exists at | 
° se Cast one sequence {2} such that 
lim f(z, ) = 2% : 


nove 


Theorem 5.1.4.1. Iff is analytic in Q\(b) and bounded 


in 0 < |z « bl 
removable singularity at b, 


SY, then either f is analytic at b or f has 


(4) ~— ‘Singularity at Infinity, Under the inversion transformation w = 


ai 


» the point z=00 in the extended 
complex plane corresponds to we0, Thus, by letting z= 1 


- In fz), we } | si 
” RD), we obtain the function P (t}- Fis 
wi 


enorme ennai 
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Then the nature of the singularity at z = © [the point at infinity] of f(z)is defined to be the same as that 
of F(w) at w= 0. aus 


Example. f(z) =z’ has a pole of order 4 at z = ©, since F(w) “S(2}- jeg has a pole of order 4 at w = 0. 
w) @ 
Similarly, f(z) = cosz has an essential singularity at z = ©, since F(w)=f (*) = arr has an essential 
w w 


singularity at w = 0. 
Theorem 5.1.4.2. Limit point of zeros of a function is an isolated essential singularity of that function. 


Example. Consider the function sin_|_. Its zeros are given by sin =0, i.e, —— =nT 
t—-a z-a z-a 


1 
or z=a+— (n=t/,2+2.... 
rz=a ar (n hea ae 


: I 
Thus, we see that there is a sequence of zeros of f(z), {a + hn é€ N which has z=a as its limit point. 
nn 


Hence, z = a is an isolated essential singularity of the function sin ates 
z-a 


Theorem 5.1.4.3. Limit point of the poles of a function is a non-isolated essential singularity of that function 


Example. Consider the function f(z) = __1 


sin —— 
z-a 


Putting the denominator equal to zero, the poles of f(z) are given by sin 1_ = 0, 
z-a 


ie,z=a+ + (n=ti,+2,...,) 
nt 
Thus, we have a sequence of poles a rol at Bis at al. ze: 
T Qn 3n 
The limit point of these poles is z = a. 


Hence, z = a is a non-isolated essential singularity of the given function. 


Theorem. 5.1.4.4. (Casorati Weierstrass) Let f has an isolated essential singularity at z, If w is an arbitrary 
complex number, then 3 points z in every nbd of z, such that |f(z)—w] is arbitrary small, i.e., for positive 
number 5 and €, there exists z in |z-z,| <8 such that |f(z)-w|< €. 

Proof: Let the above result be false, then there exist a complex number w, and a 8>0 satisfying |f(z) — w,| > 5, 


f(2)—™% Yu 
Z—-% |2-Zo | 


> 


whenever 0 < |z — z,|<6. Thus — as z—> z, and hence the function g defined 


by g(2z) = LM=Wo has a pole at z = z, and therefore g(z)=(z — z,)" h(z) for some suitable positive 
rao! 2 
integer m and some analytic function h in the disk \z-z,|<5. Thus f(z) = w, + (z-z,)""' h(z), which 


a a en ee, 
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many terms with 


Theorem 5.1.4.5. An analytic function f(z) is a polynomial of order n iff the only si 


complex plane is a pole of order n at °° 


Theorem 5.1.4.6. If f(z) is an entire function which has no singularity at infinity, then f(z) is constant. 


Proof: As f(z) is analytic for all zeC, it can be extended in power series f(z)=agt4 taZ toe, 


*: (4 }=a0+St+ Bae tos, 
z z 


72 
= 2=0 is an essential singularity of f (+) 
z 
= (+) is not analytic at z=0, which is not true. 


Hence, a,=0,n21] 
Thus i(?) =a, => flz)=ay, a constant. 
z 


=> fz) is constant function 


Example 5.1.4.1. Investigate the singularity of following functions at given points. 


. , ive exponents. This 
shows that the Laurent series expansion of f has only finitely negau tic . Wadncorrect 
contradicts the hypothesis that z = 2, is an essential singularity of, ‘f, Hence our assump . 
Thus the result is proved. 


ingularity of. f(z) in extended 


(i) ORE. atz=a, Z=~ (ii) sin —— at z=] (iii) sin z—cos z at z= 
(z-a) 1-2 
(ivy) cosec L at 2=0 (vy) tant atz=0 
Zz x z 
Solution: 


cota _ cos mz 


i L =———— = 
0 i (z—a)? sin mz (z-a)’ 


Poles of f(z) are obtained by equating to zero the denominator of f(z). Then, we have (z-a)*sinm=0 


=> sin zz =0 or (z-a)’=0 

Now, sina z=0=> m=nt 

=> z=n, where n is any integer, and (z-a)? =0>z=a 
Hence, z=a is double pole and z = 0,+1, +2,... are simple poles. 


As z= © isa limit point of these simple poles, therefore z =~ is non-isolated essential singularity. 


ae 1 
ii, Let f(z) =sin——, hence zeros of f(z) are given by sin =0 or Le dy mk 1 
(ii) f i gi y sin 0 or Toga or z=1-—, where 


n is any integer. 
». z=1 is a limit point of these zeros, therefore z=1 is an isolated essential singularity 


‘a 1305 = 


(iii) — Let f(z)=sinz-cosz, hence zeros of fiz) are given by sinz-cosz=0 => sin z = cos z 


x. F : 
= tanz=I=z See is any integer. Thus, z= is a limit point of these zeros which is 


therefore an isolated essential singularity. 
l 


-() 


n is any integer. Since, z=0 is a limit point of these poles, therefore z=0 is a non-isolated essential 
singularity. 


*}=0=3 tennz=(} where 


. 1 
(iv) Let f(z)=cosec—= , hence poles of f(z) are given by sin 
: : 


() Let f(z)= wn(2)= | 


al 
Il 
NO 
= 
y 
I+ 

wlsa 


Hence, poles of f(z) are given by cos +) =0> 
z 


1 


(2 + le 
2 


Since, z=0 is a limit point of these poles, therefore z=0 is a non-isolated essential singularity. 


>z= , Where n is any integer. 


Example 5.1.4.2 Find the kind of the singularities of the following functions. 


. l-e* 7 a 
(i) — at Z=00 (ii) ————— at = — 
l+e* sin Z— cos z 4 
. 1 
(iii) sin— at z=0 (iv) z cosec zat z=. 
Solution: 


(i) Let f= =. Poles of f(z) are obtained by equating to zero the denominator of f(z). 
+e 
w1+e? =0>e* =-l=e""""" 
=> z=(2n+1)Zi, where n is any integer. 
Hence, z = (2n+1)ai, n € Z are the simple poles of f(z) and z=~ is a limit point of these poles. 


Therefore z= is a non-isolated essential singularity. 


(ii) = Let f(z) = | _ hence poles of fiz) are given by sinz-cosz=0 => tan z=1 
sin z — COS Z 


a 
>zZ=nr+ x ,n is any integer. Atn=0, 2= 4 which is a simple pole. 
4 
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(iii) 


(iv) 


5.2. 


5.3. 


= om n. is any integer. 
4 n 


: 1 
Let f(z) =sin Ly hence zeros of f(z) are given by sin ds 0 or —=NZ or z 
z z C , . 
Obviously, z=0 is a limit point of zeros of f(z), hence z=0 is an isolated essential singularity of f(z). 


z _ — 
Let f(z) =zcosecz =——, hence poles of f(z) are given by sinz=0= Z=N7,N Is any integer 
SIN Z 


Since, z = © is a limit point of these poles, therefore z = 0° is anon -isolated essential singularity. 


ENTIRE FUNCTION 

A function which is analytic everywhere in the entire complex plane [i.e., everywhere except at oo] is 
called an entire function or integral function. The functions é, sin z, cos z, sinhz, coshz are entire 
functions. An entire function can be represented by a Taylor series which has an infinite radius of 
convergence. Conversely, if a power series has an infinite radius of convergence, then it represents an 
entire function. Note that by Liouville's theorem a function which is analytic everywhere including °° 
must be a constant. Thus, a function having no singularity anywhere in the extended complex plane is a 
constant. 


MEROMORPHIC FUNCTION 

A function which is analytic everywhere in the finite plane except at a finite number of poles is called a 
meromorphic function or in other words singularities of a meromorphic function are at most poles. 
Thus on the extended complex plane, a meromorphic function can have essential singularity at infinity 
also. 


Example. f(z) = __2+1 sis analytic everywhere in the finite plane except at the poles, z=-2 


Note: 


5.4. 


(z+2)(z-1)? 
(simple pole) and z = I (pole of order two) , so f(z) is a meromorphic function. 


Every analytic function is meromorphic but every meromorphic function need not be analytic... 


RESIDUE 
Let f(z) be single-valued and analytic inside and on a circle C except at the point z = a chosen as the 


centre of C. Then the integral xf f(2)dz is called the residue of f(z) at z=a. 
Cc 


Let f(z) has a Laurent series about z = a given by f(z) = Ya, (z-a)" 
N= 


a, a, 


= a,+a,(z—a)+a,(z-a Ab body ae 
ota,(z-a)+a,(2-a) re ac¢h) 
where a, = + 5 10 dz, n=0,+1, +2... (2) 
2m) (z—a)"™" a 


In the special case n = -1, we have from (2) 
f f(2)de = 2nia_, 
c 


a= -f f(edde 
c 


Thus the residue of f(z) at z=a is the coefficient of (z-a)' in the Laurent Series expansion of f(z) around 
z=a. 
? : 
y g 2 oe B 
5.4.1. Calculation of Residue at finite singularities: 
1 Letz=a bea pole of f(z) order m, then the residue of f(z) at z = a is given by 


1 
Res f(z) =lim——— ane ake a)" f(a} 


ifm = 1, i.e. ifz =a is simple pole of f(z), then 
2 Res f(z)=lim(z—a) f(z) [ 0! = 1) 


ty 


Example. Consider f (z)= el 


(z-2)?(z-1) 
Then, f(z) has poles at z = 2 of order 2 and atz = I of order I. 


ld ztl a (EEL 
Re idueat z = 2=li = =| 
_ Residueatz aT ie 2) (Ht) Craters 


Residue at z=1=lim(z - (| =2 


(2-2)? (z-)) 


Note:' If z =a is an essential singularity of f(@), then the residue of f(z) at z = a can be found by using any 
_ ~ known series expansion. 


1 I 


Example. If f(z) =sin = then z = 0 is an essential singularity, as itn =1-—5 a mde 
z zz Bz Slz 


then Res Ff (2) = coefficient ft in(I) =1 
= z 


Example 5.4.1.1. Let the only singularities of fiz) be poles of order 2 and I atz = 1 andz = 2 with residue 1 
and 2 respectively. If f(0) = 2, f(3) =D then find the function f(z) and find its Laurent series 


expansion in I < |z| < 2. 


Solution: Given f(z) has 
(a) pole of order 2 at z = | with residue | 
(b) pole of order I at z = 2 with residue 2 
Also the only singularities of f(z) are poles, hence H(z) can be expressed as 
1 b 2 
= -—_— +—_ 5 Ft wl 
f(z) ay Lae (z-1) (z2-1)* (z-2) !) 


Now, as f(z) has no pole at z = ©. 


SS Se i 
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>f (*) has no pole at z = 0. 


=> Principal part of f ( || Le. > a,z" Jeomans no term 


> a,=O0forn=1, 2, 3, ... 
Hence (1) becomes, fiveade ia 
(z-l) (z-I)* (2-2) 
Now, f(0) = 2=a,-1+b-1 
#Oa= pHa) 454242 => a, = 1andb=3 

3 2 


1 
i nee eat a8) 
ence f(z) a a | PT (z-2) 


<1 


z 
2 


f( yet ate ft AY fig] 
ae l iy z) zt 2z ae z 2 
(1-3) (1-4) I=5 
£ z 


2 

l 1 1 3 2 2.3 Zi {z 
=1+—|1+-+—+... 4+] 1+ 24+] —| +..J-[1+=+4+]=] +... 
eae j3]e28G) }+34(3) | 


BF FEY one) BT DG 


=0 


ae | 
Now, to find Laurent series expansion in 1<|z|<2=> igi <i 
z 


Example 5.4.1.2. The function f(z) has a double pole at z = 1 with residue 2, a simple pole at z=0 with residue 
3, is analytic at all other finite points of the plane and is bounded as |2| > 00 If f(3)=5, f(S)=13/5, 


find f(2). \ 
Solution: Res (z = 1) = 2, (order 2) and Res(z = 0) = 3, (order 1). Hence f(z) will be expressible as 
2. b 3 
f@)=a,+ Sac" + += tl) 


ra (z-l)" z 
Since, it is given that f(z) is bounded as |z|+°, so let |f (z)|SM (M>O). Therefore, f@) has no 
F . 1 
singularity at z= ©, thus f(w) has no singularity at w=0, where w=—. Hence, the principal part of 
Zz 
fw) contains no term so that a,= 0Vn. 
( Ya, w™ is the principal part in the Laurent series expansion of f(w)). 


2 b 3 
eran yt 
-1l (z-l° 2z 


134 ~ Ss 
| wire i =e Ae ee 


Now (1) becomes f(z)=ag+ (2) 


pene ee ete so NL LO ROL Et Nene pend nctsetnninshnictaii os nar 
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b 
=> Now f(3) = 5 = a,+1 +7 t1=S and f(5)= dy + 1/2 + b/16+3/5=13/5 => a= 1b = 8. 


2 8 3 
=> f(z) = 1+—-+ += 
~ z-1 (z-1)? z 


5.4.2. Residue at Infinity: 


A function f(z) is said to be analytic at z= © , if the function f (4) is analytic at the origin. Similarly, 
Zz 


1 
we say that f(z) has a zero of order m, pole of order n and an isolated singularity at © ,if f (+) has a 
2 
zero of order n, pole of order m and isolated singularity at origin respectively. 
Result: If f(z) has an isolated singularity at infinity or is regular there and if C is a large circle which encloses 
all the finite singularities of f(z), then the residue at z = © is defined to be si f f(z) dz in clockwise 
Ti « 


direction taken round C in the negative sense (negative w.r.t. origin) provided that the integral has a 
definite value. Taking the integral along C in the anticlockwise direction (in positive sense) 


1 
Thus residue of f(z) at z = © is =—-——— [f@a 
271i 5 
1 
= negative of coefficient of (2) in the expansion of f(z) in the neighbourhood of z = %. 
z 


An Important Observation: The residue at a finite point is zero if the function is analytic at that point or have 
removable singularity at that point but may not be so at infinity. 
1 ; ' — 
For Example. If f(z) = ——,then fis analytic atz = © but residue of f(z) at z = °° is given by 
Z—-a 


Trie'dO _ ; 


“9g [Soe == 


1 
am i 
2m 4 re 


5.4.3 Working Rules for Computing the Residue: 


1. Res(z = a) = lim(z — a) f (z) for simple pole. 
(m-1) 
2 Res(z = a) = ————_ dh, for pole of order m, if f(z) = (2) _ 
(m-1)! (z-a)” 
3. Res(z=a) => f f(2dz for pole of any order. (If ‘a’ is the only singularity inside C) 
Pal 


~ 135 = : i aa _ ‘ 
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4. Res(z = co) = igi] FeMe = = -Res .., “71 +(4) 


5. Res (z=°) = negative of the coefficient of (*}i the expansion of fz) in the neighbourhood of 
z 


2-00 
g(a) 
y(a) 


6. If f(z) oe has a simple pole at z=a, then Res (z = @) = 
7. Let P(z).and Q(z) be complex polynomials. If deg (Q(z)) 2 deg (P(z)) +2, then borat rove =0, where 


Cc encloses all singular points of oe ) 
Qk 


— 
1 


% 


5.4.4. Some Theorems: 


Theorem 5.4.4.1. If fz) has a simple pole at z, and g(z) is analytic at z, such that g(z,) # 0, then 
8 wa. f (2)8(Z) = 8 (Zo )Res ,.., f(2)- 

Theorem 5.4.4.2. If f()=(z-a)*(z-b), where m and n are Positive integers, then 

Res, _, f(z)=—Res,., f(2) 


£ . ‘ sh. 
Theorem 5.4.4.3. If function J) has an isolated singularity at 2, and S@ is even in 2-2, ,Le., 
f(Z-%)=F(AZ-2)), then Res,.., f(z) =0 


Theorem 5.4.4.4. Suppose js analytic at z, and 2z,) #0. If a function g has a zero of order three at z,, 


(2) =f =) ai Hae 
"g(z) | ez) 62 [eel 


then Res ore 


Theorem:5.4.4.5. If n is an even integer, then all the singularities of tan""'(x z) are Z= (x + 3 and residue 


aay ee 


at gee 
2, a 


Theorem 5.4.4.6. If f(z) has only finite singularities and lim af (z) =0, then there always exist R>O such that 
(z7f(z):1z > R} is bounded. 


F(2)} 


2° 


=0, then f(z) is a constant. If lim”! 


2-909 


Theorem 5.4.4.7. Let f(z) be an entire function such that in| £@) 
Ie] Zz 


then f must be a polynomial of degree Sn—1 


ieee ee ] 


Theorem 5.4.4.8. For fixed positive integers n and m, j 2” tan zdz = — aC + Al 
2 


k=-n' 


Iclen 


Theorem 5.4.4.9. If f(z) be a meromorphic function in C and 3 a positive integer n and M, R > 0 such that 
I f(z) ISM 1zI" for |2| > R, then f(z) is a rational function. 


2 : 
Theorem 5.4.4.10. Let f(z) be analytic at z, such that 2 JF ‘and g(z) has a zero of order two at z,, then 


' Res... = . ; 
8 (2) 3le (z)] 


Theorem: 5.4.4.11. Suppose f(z) and g(z) are both analytic at z, and f(z,) # 0 and z, is a first order zero for g, 
then Res L£&)_ — £08’ (zo) — f(z0)8"(Z) 
™ [g(z)P [e’(z.)]" 


5.5. THE RESIDUE THEOREM 
Let f(z) be single-valued and analytic inside aa on a simple closed c curve C except at the singularities 
2), 2», Z,-.. Z, inside C which'have residues given by a_, a.» Gy ..-. Then the residue theorem states 


» that f f (2) de=2nl (a_,+a,+a_,+...), ie. the integral of f(z) around C is 2ni times the sum of the 


residues of f(z) at the singularities enclosed in C. Thus f f(z) dz =2ni > Res F( z) 
ia m=i 22m 


Result: If an analytic function has singularities at a finite number of points (including that at infinity), then the 
sum c. the residues at these points along with infinity is zero. 


2 


Exercise. 5.5.1. The residue atz=™ of f(z)= (z—2N'z—3)'z—5) s 


(a) 0 (b) -10 (c) 10 (d) none of these 
z ae ee 
a {e-9—aea,* h Vee Sr ae e GDE-DEHI, } 


Solution: Residue at (z = «) 
=—{Res (z= 2)+Res (z =3)+Res (z=5)} 
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-3 i) } 
ees tN z P z | 
(z-3)z-5)],, (2-20 z-5)],., (z-2\z-3)],., 
_ 8 27. 125 ( 27 ia ee re 
=- +—+ = = + oo —— >» = 
(-I(-3) -2 3x2 3 2 6 6 6 


5.6. Characterization of Rational Functions iep ilahe? 
If a single-valued function f(z) has no singularities other than pole in the extended complex plane is a 
rational function. 


Note: (1) A function f(z) is rational iff it is meromorphic in the extended complex plane. 


(2) Let f(z) be meromorphic in C and there exist a natural number n, M > 0 and R > 0 such that 
\@)| S$ M|z|" for |z| > R. Then fis a rational function. 


5.7, Characterization of Polynomials 
A function which has no singularity in the extended complex plane other than a pole of order n at 
infinity is a polynomial of degree n. 


Theorem: In entire function f(z) whose singularity at infinity is at the most, a pole is necessarily a polynomial 


Theorem: The order of a zero of a polynomial equals the order of its first non-vanishing derivative. 


Theorem: If a function f(z) is analytic for all finite values of z and as |z| > ~, |f(z)| = Alz|*, then f(z) is a 
polynomial of degree  K. 


PRACTICE SET -I 


Exercise 1. Let f : C — C be analytic except for a simple pole at z = 0 and let g: C > C be analytic. Then, 


Res{f(z)g(z I a 


the val 0 
e value is Res Fle A (GATE-2011) 
(a) g(0) (b) (0) (c) lim zf(z) (a) lim2f(z)g(z) 
Exercise 2. Let fa=s = ,Z=x+iy, then Res f(z) is (GATE-2011) 
(a) -1/8 (b) 1/8 (c) -1/6 (d) 1/6 


Exercise 3. Let Y={z€ C : |z| = 2} be oriented in the counter-clockwise direction. Let [| =—~— suf? 66 { 1 ae 


Then, the value of I is equal to 
(GATE-2016) 


~~. - a va SS 


— 


wn 
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Be cio faa 
e 4. < m ) ) . Then (CSIR UGC NET DEC-2013) 
exp) —— |-1 
(a) f has an isolated singularity at z=0 (b) fhas a removable singularity at z=1 
(c) fhas infinitely many poles (d) each pole of f is of order 1. 
Exercise 5. For the function f(z) = oe at the point z = 0 is a/an 
(a) pole of order 3 (b) pole of order 2 
(c) essential singularity (d) removable singularity 


Exercise 6. f(z) = log (z’ + z— 2) has branch points at 


(a) z=1 (b) z= (c)z =-2 (d) z=-1 
Exercise 7. An example of function with a non isolated essential singularity at z=2 is 
(c) e =” (a) tan=— g 


7 
a 


(a) tan—— (b) sin 


5.8. THE ARGUMENT THEOREM 
Let f(z) be analytic inside and on a simple closed curve C except for a finite number of poles inside C. 


cia = N-P, where N = pe n,; Nis the sum of multiplicities of zeros of f(z) 
(z 


1 
Then —— 
22 f 
lying inside the region. n, is the multiplicity of ith zero of f(z), P= ma m,; P is the sum of the 


multiplicities of poles of f(z) lying within the region and ™, is the order of jth pole inside the region. 


z—-2) 


Example 5.8.1. Evaluate the integral f ood when f(z) Se and C is the circle |z| = 3.5 taken 
z Zz 


in the positive sense. 
(7-2-2) 

(2? +2)? 
Zeros of f(z) are given by 2-z-2=0>2=-1,2. 
Clearly z = -1, z = 2 lies inside |z| = 3.5 
HenceN=3+3=6 
Poles of f(z) are given by 2+2=0>2=+2i 
Also, z = + 2i lies inside |z| = 3.5 
Hence P=2+2=4 
2f L@ x = rnin - P] = 27i[6-4]= 40. 

c f(z) 


Solution. Given f(z) = 
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Applications: 
@ Let f(z)=a,+a,2+a,2' +...+.,2", where d, #0 and Ay,Ay 4.54, are complex constants. Then 
(a) Ly EL g 2M, ) 
2m 4 f(z) a, 
(b) 3 z' f(z) dz= Gy ~ 24,44.» where ¥ is a simple closed contour enclosing all zeros of P(2). 
mis f(z) a, 


(2) If fiz) and g(z) be analytic inside and on a simple closed curve C such that f(z) has zeros at n,Ny....M, 
: ; i ‘ 
and poles at m,my....m, of orders (multiplicities) ryrp.01 and $)Sy.8, respectively, then 


a Dy ee hee : 
ait 8 f(z) de= 9780) Pag) 


5.9. | IMPORTANT THEOREMS ) 


5.9.1. Picard’s Theorem: Every non-constant entire function omits atmost one complex number as its value. 
In other words, if an entire function omits two values, then it is constant. 

5.9.2. Gauss Theorem: If zeros of f(z) lies in a set S contained in a domain D, then zeros of f’(z) will lie on 
convex hull of S. Open disc and Closed disc are convex sets. 

5.9.3. Luca’s Theorem: If zeros of f(z) lies on upper half complex plane, then zeros of f "(z) also lies on that 
same upper half plane. E 

5.9.4. Riemann’s Theorem: Let |f(2|<$M Wz such that 0<|z—-z, 

iG). zee 


z 
’ Xo 


<6 and fis analytic in 0<|z-z,| <6 


(z-z,) 
D = ‘oO 
efine g(z) _ 


Then, g(z) is analytic in the disc. 


5.9.5. Argument Principle: Let a function f(z) be analytic within and on a closed contour C, having N zeros 


inside C but no zero on C. Then N =A, arg f(z), where A. arg f(z) denotes the change in argf(z), 


as z moves along C in the positive sense. 
Example 5.9.5.1. Consider the equation z’+z'+] 
i) Prove that the equation does not have any real root. 


Proof: Since the coefficients of the equation are all real and positive and so it will not be satisfied by any 
positive real value of z. Hence, the equation does not have any real positive root 


f-xnaxt-x +1=x (x-1)t1>0, ifx>] (1) 
and f(-x) =x" +(1-°) =x! (1-2) +7 +2) >0 if 0<x</. (2) 
Thus f(-x) > Oifx > 1. 


SC) > 01f0<x<1 
(1) and (2) cannot hold simultaneously. Hence, the equation does not have any negative real root. 
Hence the result (i) follows. 


(ii) Prove that the equation does not have any purely imaginary root. 


Proof: f(iy)=(iy)" +(y)' +1 => y*-iy'+1=0 
Thus y' +1=0, y? =0 (equating real and imaginary parts) 
These two equations cannot hold simultaneously and hence the result (ii) follows. 


(iii) Determine the number of roots in the first quadrant. 


Proof: For this let z=Re'*,0<@< 2/2,R— © define the first quadrant OABO. Let C' denote the complete 
boundary of this quadrant. Since f(z) is a polynomial and so it is analytic Vz except at z=. Hence, 


it is analytic within and upon C. 
Y, 


o|——————-— A 


: 3 
(a) Along OA: On this line z=x and x varies from 0 to 0. Also ut+iv= f(x)=x'* +x? +1. 
>ua=x'+x°4+1v=0 


= arg f(x) = tan!” 
u 


a ee ely 
tx +1 
>argf(x)=0 Vx20 =>A,, arg f(x) =0. 


(b) Along AB: z= Re’ where ® varies from 0 to 1/2. Thus f(z)=R'e'? + Re’ +1 


> Rte? as R>0 


4.140 ! I 
Ee Re Re 

ie Ata R*sin 40 
i el a u - R* cos40 


Age arg f(z) =[46]9"” = (3 = 0} Bid 


cam 


(c) Along BO: On this line z= iy and y varies fone oo to 0. 
f(2)=utiv=(iy)' +) +l=y* +14+iCy) 


| | Ga> Seats 
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3 3 
av af -y a 
arg f = tan“! —= tan ( = ;} == : Bs 
u yor ) 


1 0 
Ajo arg f = isn - =-[tan“' 0-tan'0]=0 
werd. 
1 22 
=> Ac arg f(z)=A,, arg f + Ag, arg f + Ano arg f =0+24+0= 2x1 > N =a te arg f Spurl 
Hence, by argument principle the equation has one complex root in the first quadrant. 


5.9.6. Rouche’s Theorem:If f(z) and g(z) are analytic inside and on a simple closed curve C and if 
le(z)| < \f@)| on C, then fz) + g(z) and f(z) have the same number of zeros inside C. 


Example 5.9.6.1. Using Rouche theorem, find the number of roots of z’ —4z° +2z-1, which lie interior to 


the unit circle \z| =1. 

7 =f | 7 s 
a(a)|_ ss | i Heel OS ion |z|=1. 
f(a} 42 | 4q 4 
Thus conditions of Rouche’s theorem are satisfied. So, f (2)=-42 and fiz) +g(z) = 2’ -47° +z-1 


have the same number of zeros inside |-| =1. But f(z) has a zero of order 3 at the origin. Hence, we 


Solution: Here, take f(z) = -4z' and g(z) = z’+z- 1. Now, 


conclude that z’ —4z* +z-1 has 3 roots inside FA =1. 


5.9.7. Identity Theorem: Suppose that f is analytic in a domain D. If the set of zeros of f has a limit point in 
D, then f(z) =0 in D. 


Corollary: Suppose that f and g are analytic in a domain D. If set of zeros of f-g has a limit point in D, then 
S@ =e) Vze D. 


Result: If two functions agree on a connected domain, then they agree for all z, i.e., if f(2)= g(z) VW z€D, where 
D is connected domain, then g(z) =f(z) J zEC 


5.9.8. Open Mapping Theorem: In complex analysis, the open mapping theorem states that if U is a 
connected open subset of the complex plane C and f:U— C is a non-constant holomorphic function, 
then f is an open map (i.e., if maps open subsets of U to open subsets of C). 


5.9.9, Schwarz Lemma Statement: Let D ={z:\z\< 1} be the open unit disk in the complex plane C. Let 
f::D—D be an analytic function with f(0)=0. The Schwarz lemma states that if | f (z)\S\z\ for all 
ze D and | f'(O)IS1, and if the equality |f(z)|=|z| holds for any z# Oor | f'(O) |= 1, then f isa 
rotation, i.e. f(z) =az with |a|=/. 
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Extension of Schwarz Lemma: Ifa function f(z) is such that 
(i) Jz) is analytic in \z\<1 and 


(i) — |f@|Sl forall zlzl<1 


(iii) FS (z)has zero of order m at z=0, Then, 
@|f@|s|z|" Vz] <1 
(ii) | f"(0)|s m 
Corollary: Schwarz Pick Theorem: If f(z) is an wes inlz ne |, then 
|fO)[+121 
1+/f (Oz! 


@ F(z ai) |f'(a\s— as 


5.9.10. Mittag Leffler’s Expansion Theorem: Suppose that the only singularities of f(z) in the finite z plane 
are the simple poles a,,aya,... arranged in order of incr reasing absolute value, i.e., 
O< |Ja,|< |a,]...< |a,| with posites b, by by... respectively. Let Cy be circle of radius R,, which do not 


pass through any poles and \f(z)|<M, on Cy where M is independent of N and Ry— © as N— co 


Then, Mittag Leffler’s expansion theorem states that f(a = f(0)+ ys, f j + a 


= "lz-4, 4,] 


1 i 
Example 5.9.10.1. Prove that cotz = ae ——+— |, where the summation extends over n = +1,+2.,... 
Z-nN nw 
1 zcosz—sinz 


Solution: Consider the function f(z) =cotz-—— = 2 
zsing 


Then f(z) has simple poles atz = n,n = +1,+2,43.... 


, zcos z—sinz ‘ zZ—n7z )\.. zcos z—sinz 
Res f(z) = fim (z—na{ ~ = im - )im{ = J 
rene roan ; sontl sin z sonal z 


and the residue at these poles is given by 


zsinz 
Also, at z = 0, f(z) has a removable singularity 


and, im ot z -+)- = lim( $= s) =0 [by L’Hospital rule] 
Zz eae ZSin Zz 
“ JO) =0. 
1 
Now, let C, be a circle of radius Ry -(v +3) 


Clearly, Cy encloses all the singularities of f(z) and Ry > © as N 0, 


Now, to prove fiz) <M‘ z © C, where M is independent of N. 
cos 2x 


1 ; 5 2 
>I. , taking z =x + ly, |cot z F=1+————__ 
Clearly, Het vic 1. Now, taking 3 sin? x+sinh? y 


Also sinR=+1 [-e -(w+t}e] 


aa 143 > 
143 | 
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N = a 2 | Ra EC 
ow when, z € Cyand | xl2R-—, then cos (2x) $0 = |\cotz|’ $ | when |xI2R—74ZE Un 


37° 
Also ifz € Cy yand |xisR—“, then sinh? y2y? =R? —x° 222 — diets 


2 16. 16 
Thus, |cot z|’ $ 2 when IxIsR- EC, 


Hence |cotz\’S$ 2Vze Cy wl f(z) iF <3 VzEC, 


1 
cot z-— 
Zz 


=> |f(Z)|<M Wz€ Cy, where M = 3 is independent of N. 
Thus all conditions of hi Leffler's Theorem are satisfied and therefore 


f= F04¥(— saa) 2 l +1) 


—nmt nm) jo\i-nt nt 


1 — 1 1 
+— |+ +— 
(++) 


1 1 
=>cotz = + | +— |, where the summation is taken over n = +1, 42, ... 
\ a na 


=eotz—— =0+)'(- 


n=l 


as 
ial 
| 

= 

Ss) 

= 

8 


nr 


PRACTICE SET — II 


Exercise 1. If a > e, then prove that the equation. e* = az" has n roots inside the circle |z| = 1. 


Exercise 2. Prove that all the roots of 2’ —5z' + 12 = O lie between the circle |z| = 1 and |z| = 2. 


Exercise 3. Show that z’ + 15z + 1 = 0 has one root in the disc |z| < Sand four roots in annulus 3 <|z|<2. 
2 


Exercise 4. Let D = ag ze C:l zk 1} be the unit disc. Let f :D— C be an analytic function satisfying 


are 


1 
f (+)- aa ee (CSIR UGC NET JUNE-2011) 
(a) f (0)=2/3 (b) f has a simple pole at z=-3 
() f B=13 (d) no such f exists 


Exercise 5. If f(z) =z 22° +z? -12z+20 and Cis the circle |z|=5, od ret LQ 


(a) 2”: (b) 2 (c) 4a ni 


—_ ee 


COMPLEX ANALYSIS 


KEY POINTS 


> The point z= z, is called an isolated singularity of f(z) if there exists 8 > such that circle |\z-z, & 8 
encloses no singular point other than z.. 


> Let ‘a’ is a singular point of f(z). then 
(a) if lim f(z) exists and is finite, then ‘a’ is removable singularity. 


(b) if lim f(z) exists infinitely, then ‘a’ is a pole. 
i~va 
(c) if lim f(z) does not exist, then ‘a’ is essential singularity. 
isa . ‘ 
> The principle part of Laurent series expansion of f(z) about point ‘a’, where a is a singular point of 


S@), has no terms if ‘a’ is removable singularity, finitely many terms if ‘a’ is pole and infinitely many 
terms if ‘a’ is essential singularity. 


> Residue of f(z) at z=a is the coefficient of e in the Laurent series expansion of f(z) about a singularity 
‘a’ 
> Residue of a function f(z) at a pole z=a is calculated as follows 


n-1 
Res f(z) = aopilim rl —a)" f(z)}, where n is the order of the pole 
r=a n—l)!:>4 dz 


> Residue Theorem: let f(z) be single valued and analytic inside and on a simple closed curve C except 
atall singularities a,b,c,... inside C, then residue theorem states that 


f f(2)dz = 2mi [Res f(z) +Res f(z) +Res f(z)+..] 
Cc 


> Argument Theorem: let f(z) be analytic inside and on a simple closed curve except for a finite number 


poles inside C. Then Je) dz=N-—P, where N is the number of zeros of f(z) inside C and P is the 
2m * f(z) 


number of poles inside C(including multiplicities) 


> Identity Theorem: Suppose that f is analytic to a domain D. If the set of zeros of f has a limit in D, 
then f =0 in D. 


> Open Mapping Theorem: A non-constant analytic function on a connected domain maps open sets to 


open sets. 


' Lie ere 
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SOLVED QUESTIONS _FROM PRE VIQUS PAPERS 


Example 1. The value of fexove” ie) 40 equals (GATE-2006) 
tC) 


(a) 2M (b) 2% ()% (d) itt 
ax an ra 
Solution: (6) Let | = Jexpce” -i0)d0= Je’ edo 
0 0 
Let C be the circle |e|=1 = z=e!® > dz=ie"d@ = d0=— 
Ife =f ae jf Fede» (1), where f(z) == 
Poles oe (z) are given by z? =0=z=0,0 


veld 
=> z=Oisapole of order2__.:. Res(z=0)= bass -0) 4 =1 


By Cauchy's Integral Formula, we have f f (z)dz = 22% (sum of residues within C) = 2in(]) = 
c 


1 
+ (1) becomes, 1 =~X2ix =22 
i 


So, option (b) is correct. 


Example 2. The sum of the residues at all the poles of, cars case , where a is constant, (a # 0, +1, +2, ...) 
is (GATE-2006) 
(c-+ 15 ie — 7 cosec’Na @ =Zaurt mcosec*Na 


Solution: (a) Poles of f(z) are given by sin Tz =0 and (z+a)’ =0, which gives z=-a is pole of order 
two and z=n1 is pole of order one, where n =0,41,42.... 


2 cotrmz 2 
eae =—Zcos ec’Na 


Residue at (z =n) =lim bce LES 1 
zn (z+a)’sintz 2 (n+a)? 


Residue at (z=-a )= lim £(c +a) 


ano: > 
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-—cosec’#a 


". Sum of residues at all poles of f(z)is given by 1 -> 
TE jane . +a)’ 


Example 3. Let § = (uf ant] in=l, 2, + Then the number of analytic functions which vanish only on S is 
(GATE-2007) 


(a) infinite (b) 0 (c) 1 (d) 2 


néEZ 
4n+7 


Solution: (b) S = (of 4 
4n+7 
We know that limit point of zeros is an isolated essential singularity. 
snEZ 


ine n} if f(z) is analytic function and its zeros are 0, 


Here, 0 is limit point of 
4n+7 


=> 0 is an isolated essential singularity => 0 cannot be zero (root) of f(z) 
=> There is no such analytic function which vanish only on S 
=> option (b) is correct. 


Example 4. Let S be the disk |z|<3 in the complex plane and let f:S—>C be an analytic function such that 


f f + v2 ) = —2/n’ for each natural number n. Then f(v2) is equal to (GATE-2008) 
n 
(a) 3-2V2 (b) 3+2V2 (c) 2-3-V2 (d) 2+3 V2 


Solution: (a) Defining f (z)=(z-1)° 
Then i{s2i)--3 Vnen 
n n 


Also, fis an analytic function. 


». f (12) = (V2 -1)?=3- 22 


Example 5. Let f(z)=cosz - Sinz for non-zero z€ C and f(0) = 0. Then f(z) has a zero at z = 0 of order 
z 
(GATE-2008) 


(a) 0 (b) 1 (c) 2 (d) greater than 2 


2! 4! 
.. f(@) has a zero of order 2 at z=0 


[— ee ee a 


Po en aS ee ae Se ne 
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Example 6, Let f(z) =cos z—- eine for non-zero z € C. Also let g(z) = sinhz for z € Cc 


Then ae has a pole at z = 0 of order (GATE-2008) 
of (z 
@A (b) 2 (c) 3 (d) greater than 3 
Solution: (b) s(z) ___sinhz e* =e! 
zf(z) zcosz—sinz 2(zcosz—sinz) 
33S g 
z+ ++ 
ee 


1445-4... 
31_5! . UE) ic ipo Oohner 9 


o(4-3)-2(5-a)+«(5 al +} i 


pa 


Example 7. Let S be the positively oriented circle given by lz = 3i| =2. Then the value of f ee ri is 
ce tes 
(GATE-2008) 
-n t -in ix 
() > OF oF wt 
Solution:(b) I = J _ J f(2)dz, where f(z)= 
. 2+4 ‘ 2+4 
Poles of f(z) are given by 
274+4=0>52=42i 
z = 2i lies inside S 
1 1 


ee =2i)=li — 2i) ——————_ = — 
Reng =) Eee ae 


By Cauchy Residue Theorem, f (z)dz = 27 i x sum of residue within S =27i (.) mre 
: 4i) 2 
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: r 1 
Example 8. For the function f(z) -n( 15) the point z = 0 is (GATE-2009) 
S cA 
(a) a removable singularity (b) pole 
(c) an essential singularity (d) a non-isolated singularity. 
Solution: (c) f(z) = sin els 
cos(I/z) 
Ni , 1 be 1 1 
low, Sin] ——~——\ |= 0 = cos} —|=—-,n EZ 
cos(I/z) z) na 
Also, cos(1/z)=0 
1 ( Fa } 2 
=> -=|—+n7 |, neZ>z=———.,, neZ 
z 2 (2n+ Dar 
So,asn>0,z=0. 
Hence, z = 0 is an essential singularity. 
et 
Example 9. Consider the function f(z) = Wea The residue of f at the isolated singular points in the upper 
z+ 
(GATE-2009) 


half plane {z =x + iye C: y > 0}, is 


-1 -1 e 
— — = d) 1 
(a) Fe (b) (c) a (a) 


Solution: (a) As f(z) has isolated singularities at z=0,i,—i of which z=i lies in the upper half plane. 
e! 1 


e 
-. Resid t z=t=l - =lim = =- 
esidue of fat z=i lim(z Pees x at = oe 


Example 10, Let C be the contour |z|=2 oriented in the anti-clockwise direction. The value of the integral 
fe" ‘de is (GATE-2013) 


c 
(a) 327i (b) 5zi () 7xi (a) 927i 


3 
Solution: (d) f ze*dz, where C is |z|=2 
c 


3... 9 91 
32 = we [SB Zt34—-—+.. 
ze 2? Pal } z ae 


Residue at (z=0) -2 


2 9 
f ze?de = 2aix >= 9a 


Icke2 


rvs) 
/ 
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Example 11. The value of d sole oi equal to FD 
~T 5.4 ZC08(Z) 
. ‘ Sy 38 | x _% 
Solution: Singularities of f(z) = inside |z| = 4 are at z=0, 3 5, 
z z 


Residue at z=0, lim 


(:-5) 

go 

Residue at z=2, lim 24 (3 jorm| 
2 wt ZCOSZ 0 


f 1 2 
= lim —= 
tt cos z— ZSINZ a 


Residue at z oo lim ~——+ (§ form 
2 2% zc08z 0 


= lim —= - 
e-% COSz— zSiNz -(-2\-0 z 


J da = 2ni( 1-2-2) -29i( =) 
ies ZCOSZ a 2 x 


i i dz -( i )ami(=*)=2 
4-m,p,z00sz \4-% x 


Example 12. Let (z,) be a sequence of distinct points in D(0,1) = f € C: |z| < 1} with lim,_,, z, =0. 


Consider the following statements P and Q : 
Ps There exists a unique analytic function f on D(0,1) such that f(z,) = sin(z,) for all n. 
Q: There exists an analytic function f on D(0,1) such that f(z,) = 0 if n is even and f(z,) = 1 ifn is 


odd. 
Which of the above statements hold TR UE? (GATE-2016) 
(a) Both P and Q (b) Only P (c) Only Q (d) Neither P nor O 


Solution: (6) (P) is true 


Take g(z) = sinz 

O-2) (2,) = 9 for alln 

By using Identity theorem, we get f— g=0 => f(z) =sin z. = fis unique. 

(QO) is false, as fis analytic > fis continuous. If z, —> 0 => f(z,) > f(0), all its sidiseqvoncat also 20 
10 f(0) => 0=f(0) = 1, contradiction 


< 150 > 
cae 


i ene ciple NENA 
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Example 13. Let f :D—>D be holomorphic with f (0)=1/2 and f (1/2)=0, where D = {z:\z 151). Which of 


the following is correct? (CSIR UGC NET JUNE-2011) 
(a) |f'()| $ 3/4 (b) |fras2)|s 4/3 
(©) |f'(O)| $ 3/4 and | f'(1/2)| < 4/3 (a) f(z)=z,z2ED 


Solution: (a, b, c) f :D—D is holomorphic with f (0) =; and (3) =0, where D = {z: |z| $1} 


= 2 
According to Schwarz pick theorem, \ f “2)\< ~f - 
a4 
2 
1-1 FOP I-(3) 
if iz 1 
Now | f (0) |s ———— = “ arial 
ae ge F(0) 3} 


; 0: | 
alf@Isi-7=7 =I flss 


=> option(a) is correct 


(ale 


=> Option (a), (b) and (c) are correct 
Clearly option (d) is incorrect 


SF FWa=z 
=> f(0)=0 and f (5) => which is contradiction to given condition. 


Now 


e +1 
Example 14, At z=0 the function f(Z= 4 has (CSIR UGC NET JUNE-2011) 


(a) a removable singularity (b) a pole 
(c) an essential singularity (d) the residue of f(z) at z=0 is 2. 


etl = Be) 


Sol , = 
olution: (b,d) f(z) = ar re 


Atz=0, f(z) has a pole t slim f(@) =< = =} 


So, option (b) is correct. 
As e°=1,¢-1=0 
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Res (z=0) = PO) 
q (0) 
x e+ -) 
e° 


“. Residue of f (z) at z=0 is 2 


.. option (d) is correct 


Example 15. Let f be an entire function. If Ref is bounded, then (CSIR UGC NET JUNE-2011) 


(a) Im f is constant (b) f is constant 
(c) f =0 (d) f’ is anon zero constant 


Solution: (a,b) Given f is an entire function such that Ref is bounded > f omits uncountably many values. 
Picard’s theorem:- Every non-constant entire function omits at most one complex number as its value 
or we can Say, if an entire function omits two or more values, then it is constant. 


=> f isconstant => Imfis constant 
Thus options (a) and (b) are correct. 


Example 16. Let f be entire function such that jim | f(z) l= 09. Then (CSIR UGC NET DEC-2011) 
(a) f (+) has an essential singularity at 0 (b) f cannot be a polynomial 
; 1 
(c) f has finitely many zeros (d) f| —| has a pole at 0 
z 


Solution: (c,d) Given that f is entire function and lim! f(z)F-e 


Let f(z)=2z 
Clearly, f is entire and lim! f(z) Fe 


=> Option (b) is incorrect, as f(z) =z is polynomial and f (+} mS has pole at z = 0 
z Zz 
=> option (a) is also incorrect 


Similarly we can choose any polynomial of finite degree i.e. f(z) =a, +az+ Anz +... +a,2" 


: l a,.a a 
lim | f(z) l= °° and s{t}=2. ++ S++ 
Ido Zz z Zz Zz 


Clearly f (+) has singularity at z = 0 and principle part of f (z) has finite number of terms 
z 


=> (2) has a pole at z= 0 => options (c) and (d) are correct. 
z 


eae. eee ee | 
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Example 17. Let f:C—>C be an entire function and let g: CC be defined by g(z)= f(z )~ fiz+h for 
zé C. Which of the following statements are true? (CSIR UGC NET DEC-2011) 


. Af 1 ; 
(a) If f (7) =0 for all positive integers n, then J is a constant function. 
(b) If fin)=0 for all positive integers n, then f is a constant function. 
, | I 
(If f (] =f (= + ] for all positive integers n, then g is a constant function. 
(d) If f(n)= f(n+ 1) for all positive integers n, then g is a constant function. 
Solution: (a,c) We have f: C — C is an entire function 


For option (a), 


(2) =0 ie. f(I)=0 


Also f is analytic at ‘0’ 

=> f is analytic at limit point of zeros of f(z) 

By Identity theorem, f =0 inC 

So option (a) is correct. 

For Option (b), f(n)=O0Vne Z 

limit point of 1, 2, 3, 4, ..., i.e., zeros of f(z) is © and f is not analytic at z = °° 
So we can't say f is constant function 


For option (c), (2}=-(1 + ‘Ny n€ Z we have g(2) =f@-fUt+yVvzEC 
n n 


aed 


gh) =0 


Also g is analytic at ‘0’ and ‘0’ is limit point of zeros of g(2) 


=> g=0inC 


153 ] 
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=> option (c) is correct 
For option (d), f(n) = f(n+ 1) Vne€ Z' 
We have g(z)= f(z)- f(l+z) VzeC 


=> g(1)=0 
g(2)=0 


g(3)=0 


limit point of 1, 2, 3, ..., L.e., zeros of g(z) is °° 
But g is not analytic at z = °° 
So we can't say g is constant function 


=> only options (a) and (c) are correct. 


Example 18. At z = 0, the function f(z)= exp has (CSIR UGC NET JUNE-2012) 


1—cosz 
(a) a removable singularly 


(b) a pole 
(c) an essential singularity 
(d) the Laurent expansion of f (z) around z=0 has infinitely many positive and negative powers of z. 


: . z 
Solution: (c, d) lim f(z) = lim exp = exp lim = 
20 ran 1—cos z 20 1—cosz 


= exp im =e” =does not exists 


730 —sin Z 


Hence, f(z)= exp has an essential singularity. 


l-—cosz 


2 x} 
err ese tern oid eer 
1-—cosz 1-—cosz l-cosz) 2! \1l-cosz) 3! 


+] | = 
2 4 2 04 co 

1-[i-E+2-.. [1-5 +2-.. e 
2° Al 2 


Hence, options (c) and (d) are correct. 


Example 19. Consider the functions f, g : C — C defined by f (z) = & and g(z)=e" 


Let S={z€ C: Rez€ [-1,1)}.Then (CSIR UGC NET DEC-2012) 
(a) f is an onto entire function. (b) gis a bounded Aniction oat 


" C1s4> a 


(c) f is bounded on S. 


(d) gis bounded on 8. 


Solution: (c) f,e:C > C and f(a)=e 
f(j=e” 
I f(z)l= 
lf(z)FRe* as-a<x<q 
=>f(z) is bounded on §. 


-'. option (c) is correct. 
g(z) = el tip) = e e 
“ Ig@)| = |e”. e| =e” 


Clearly, g(z) is not bounded on S and hence not on C 


8(z)=e" and 5 ={zeC:Re ze [-2,z]} 


X+é 
er 


=le' lle” Ise" fle” j=} 


Example 20. Which of the Sollowing functions f are entire functions and have simple zeros at z = ik for all 
kez. (CSIR UGC NET DEC-2012) 
(@) f @)=az" +a, 2"! +. .+ a, for some n= I and some 4pa),...,.4, €C. 
(b) f (2) =asin 2Niz, for some a€ C. 
(c) f () =bcos 20 (iz — 1/4), for some be C. 
(@) f (2) =& for some cE C. 


Solution: (b,c) We have to find these functions from options which are entire and have simple zeros at 

z=ikVkeZ 

For option (a), f(z) = a,z" + a, 2"! + ... +a,n21and Gy ay. a,€ C 

Stik) = a,(ik)" + a, ik)" +... + a, 

=>flik) #0 

-". Option (a) is incorrect 

For option (b), 

S@) =a sin 2Niz 

Sik) = a sin 2Mi (ik) = a sin (-2Tk) 

=> ik) = -a sin 21k =OV k © Z => 2 = ik is zero if fZ) = asin2Niz 
now f'(z) = a cos 2Niz 2Mi 

=> f'(ik) = 2M. a cos 2Mi (ik) = 2Mai cos 21k 

=> f'(ik) = 2Mai cos2TMk#0 VkEZ 

Also f(z) is analytic 

Thus, option (b) is correct 

For option (c), 


f(z) = boos af i -4), beEC 


— iS 2 
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(ik) =beos 2a ik -1] =boos 22(- k -;| 

f (ik) =bcos 21k +4] =bcos(4k + 0 =0 forke Z, = ik is zero of f(z) =bhcos 2a i 4 
f'Gk) =—b2aisin 2a -1) 

f’ (ik) = b2aisin (4k +t #0,keEZ 


Also f(z) =bcos 2a ic - 1) is analytic 


Thus, option (c) is correct 
For option (d), f(z) =e 
f (ik) =e" =cosk +isink #0,k =le Z 


=> option (d) is incorrect 


Example 21. Let f be an analytic function defined on D = {2 © C : |z| < 1} such that the range of f is 
contained in the set C \ (-°°,0]. Then. (CSIR UGC NET DEC-2012) 
(a) f is necessarily a constant function. 
(b) there exists an analytic function g on D such that g(z) is a square root of f (=) for eachz € D. 
(c) there exists an analytic function g on D such that Re g(z) > 0 and g(z)is a square root of f (z) for 


eachzeé D. 
(a) there exists an analytic function g on D such that Re g(z) < 0 and g(z)is a square root of f (z) for 


eachz € D. 


Solution: (b, c, d) Given, f : D— C\(- ©,0] is analytic, where D = {2€C :|z| <1} 
Take, f (z) =z" 
Here, g (2) =2 
Clearly, g(z) is analytic 
Hence option (b) is correct and therefore option (a) is incorrect 
Further, take f (z) =4 


g(z)=y f(z) = #2 
Take g(z) = 2, then option (c) is correct 
Take g(z) = -2, then option (d) is correct 
Example 22. Let f be a non-constant entire function. Which of the following properties is possible for f for 


each zE C? (CSIR UGC NET DEC-2013) 
(a) Re f(z) = Im f(z) (b) | f \<1 (c) Im f (2) <0 (d) f (z)#0 
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Solution: (d) Result: Picard’s theorem states that a non-constant entire function cannot omit more than one 


value or we can say ifan entire function omits more than one value then it is constant. 
Using above result options (a), (b), (c) are incorrect. 
As all other options are incorrect 


.". option (a) is correct 


Example 23. Let f be a holomorphic function on the unit dise {z€ C: |z|<J} in the complex plane. Which of the 


following is/are necessarily true? (CSIR UGC NET DEC-2013) 


(a) If for each positive integer n we have 1 | } =| then f(z)=z’ on the unit disc. 
nan} nt! 


oa . 2 q > ae 
(b) If for each positive integer n we have A 1-1 - [ 11 } _ then f(z)=z' on the unit disc 
n n 


(c) f cannot satisfy (2) =)" for each positive integer n. 
n n 


(d) f cannot satisfy Al 1) ee for each positive integer n. 
n n+l 


Solution: (a, c) 


If f isa homomorphic function and satisfies f [ +] = a Ynez 
on n 


For option (a), 
Let g(z)=z° 
Consider a new function 


h(z) =f (z)-8(z) 


Clearly h(z) has zeros at z oo he Z 
n 


+ 


Also h( z) is holomorphic function as we have given that f is holomorphic function. 
>h (z) is also analytic at limit point of zeros of h(z), i.e., atz = 0 

=> h(z)=0 (By Identity Theorem) 

=> f(z)=9(z)=2? on the unit disc 

So option (a) is correct 


For option (b), 
f(z) is a holomorphic function and satisfies 


2 
ere 
n n 
Consider g(z) = 2’. 


Consider a new function 


h(2)= f(z)-g(z) 


a <> 
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As h(2z) is analytic and has zeroes at (i -+) ne TZ’ but h(z) is not given analytic at the limit point 
n 


of its zeros, i.e., atz = 1. So identity theorem is not applicabale. 
For option (c), 


Dvn Zz 


1 
f isa holomorphic function on the unit disc and satisfies f (] A 
n 


Let g(z)=z 
Consider h(z)= f (z)-g(z) =/@)-= 


| ; f ee 
As f (2) is analytic on the unit disc and h(z) has zeros at 2 = a and h(z) is analytic at the limit 


point of its zeros ,i.e.,at z=0. 
=> h(z)=0 on the unit disc (by identity theorem) 


=> f(z) =z on the unit disc (1) 
Also, let h,(z) =f@) + gz) =f) +z 


As h(z) has zeros at z= 3. and h(z) is analytic at z = 0 
n 


=> h,(z) = 0 on unit disc 
which is not possible => f(z) = -z se(a) 


I+z 


For option (d), take f(z) = 
’ as aes 1 1 
Clearly, fis analytic in unit disc and f| —|=—— 
n) n+l 
=> There exist f such that f satisfies f {)-5 for each positive integer n. 
n n+ 


=> option (d) is incorrect. 


Example 24. Let f,g be meromorphic functions on C. If f has a zero of order k at z=a and g has a pole of 


order m at z=0, then g(f(z)) has (CSIR UGC NET JUNE-2014) 
(a) a zero of order km at z=a (b) a pole of order km at z=a 
(c) a zero of order |k-m| at z=a (d) a pole of order |\k-m| at z=a 


Solution: (b) Here, f has a zero of order k at z=a and g has a pole of order m at z=0. 


Let f(2)=(z—a)* and a= = 
(z=0)™ ZF 
1 1 
Then = gl(z—a)"J=7>— =# 
g(f (2) = gl(z—a)"] a ee 


So we have g(f(z)) has a pole of order km at z=a. 
.. Option (b) is correct. 


<< ; 


Reatiple 25. For 2 & ©, define f(z aa. Then (CSIR UGC NET JUNE-2014) 


(a) f is entire. 

(b) the only singularities of fare poles, 

(c) f has infinitely many poles on the imaginary axis. 
(d) each pole of f is simple. 


Solution: (b,c,d) We have f(z) =—© 
ee 


For singularities of f(z), take —1=0=>e = 1] =¢ 
Since, Jim f(z) = 00 and lim (z~2nai) f(z) = 


2nT 


=> z= Ini, nEZ 


So f(z) has simple poles at z = 2nTi, nEZ 

=> f has infinitely many poles on the imaginary axis and each pole of f is simple 
=> Options (b), (c), (d) are correct 

F(z) has infinitely many singularities 

=> f isnotentire 


=>> Option (a) is incorrect. 


Example 26. Let p(z)=a)+a,z+...+4,2" and q(z)=bz+b,z° +...+b,2" be complex polynomials. 


Ifa, , b, are non-zero complex numbers, then the residue of p(z)/q(z) at 0 is equal to 
(CSIR UGC NET DEC-2014) 


a b, q iq) Ho 
— —_ fas 9) — 
(a) b, (b) re () ( 7 
Solution: (a) 
We know that, if f(z)= aco) #0, and at the point z=a,y(z) has a zero of order one, i.e., 
y(z 
g(a) 


y(a)=0,y (a) #0, then res f= va) 


Here given that p(Z)=a,+@,Z+-.+4,2" and q(z)=b,2+b,2° +...+b,2 


z 0 
Therefore the residue of : A nf 02 ‘ 2 on a3 


Hence, option (a) is correct. 


Example 27, Let f be an entire function. Which of the following statements are correct? 
(CSIR UGC NET JUNE-2015) 


(a) fis constant if the range of f is contained in a straight line. 
(b) fis constant if f has uncountably many zeros. 


aoe 159 > 
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(c) fis constant if fis bounded on {zé C: Re(z) S 0}. 
(d) fis constant if the real part of fis bounded. 


Solution: (a,b,d) 
According to Picard’s theorem, every non-constant entire function omit at most one value 
plane. 
For option (a), 
Range of f is contained in a straight line. Range of f is bounded. So by Picard's theorem, f is 
constant. 


in complex 


.". option (a) is correct 

For option (b), 

Non-constant entire function has-always countably many zeros. 
Only entire function that has uncountably many zeros is f(z) = 0. 
Thus, option (b) is correct. 

For option (c), 


If f is bounded on {z © C : Re(z) <0}, then we can't apply Picard’s theorem 


"for Picard’s theorem function should be bounded for whole complex plane. 

Take f(z) =e" =e" .e” 

YG = le". el =e" 

Clearly, f(z) is bounded on {z € C : Rez SO}, but f(z) is non-constant 

Thus, option (c) is incorrect. 

For option (d), If the real part of f is bounded, then f is bounded for whole complex plane. So, by 
Picard's theorem, f is a constant function. 

Thus, option (d) is correct. 


Example 28. Let f be an analytic function in C. Then fis constant if the zero set of f contains the sequence 


(CSIR UGC NET DEC-2015) 
(a) a, = I/n (b) a, =(-1)"" = 
n 
l 
(c) a, = a (d) a,=n if 4 does not divide n anda, = = if 4 divides n 
n 


Solution: (a,b,c,d) Given that f is analytic in C 
1 
For option (a), If 4, =— 
n 


limit point of zeros is ‘0’ which is in the domain where f is analytic. 


.". By identity theorem, f= 0 


For option (b), 
a, = (-1)"* 1 
n 


limit point of zeros is ‘0’ => f = 0 (By identity theorem) 


For option (c), 


1 
a,=— 70> f=0 (By identity theorem) 


" 2n 
For option (d), 
n,if 4in 
= oe ain 
n 


1 
=> We get a subsequence i Jor which f| (2) = (and limit point of zeros is 0. 
n 


*, using same argument, we get f =0 
Thus, all options are correct. 
“at z=0 is (CSIR UGC NET JUNE-2016) 


Example 29. The residue of the function f(z) =e 
(co) -e"! (d) 1-e"' 


(a) 1+e"' (b) e' 


Solution. (c) Given f(z) =e 
To find Residue at z = 0, 


1 
We have to find coefficient of —. 


o_o aysg+ 


1 23.4 1 it te cl, 1 
=-|- -i4—-...|/4..=-)/-14+--ato-ot.. [+ 
(-# or J+ -( 2! 3! 4! } 


Lree er 


.. Coefficient of is -e" 
Hence Residue ry f (@) atz = 0is -e! 


«. Option (c) is correct. 


7 C161> : a i 


en, 
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Example 30. Consider the function F(z) = gop Im(z) >0. Then there is a meromorphic function 
X-Z 


G(z) on C that agrees with F(z) when Im (z) > 0, such that (CSIR UGC NET-2016) 
(a) 1, © are poles of G(z) (b) 0,1, °° are poles of G(z) 
(c) 1,2 are poles of G(z) (d) 1,2 are simple poles of G(z). 


2 
Solution: (c,d) Given F(z) = j ot Imz>0 
pez 


2 


ea? ae eee! | 1 1 I 
= + = - 
(x-2), 2-2 (-2) (2-2) @-D 
Given, F(z)=G(z) on Imz > 0 
We know, if two functions agree on a connected domain, then they agree for all values of z. 
* G(z) = F(z) Wz 
Clearly 1, 2 are simple poles of F(z) and hence of G(z) 
Options (c) and (d) are correct 


N 
Example 31. Consider the polynomial P(z) =a,z",1 <N <0, a, € R\{O}. Then, with D = {wEC: |w| < 1} 


n=l 


(a) P(D) CR (b) P(D) is open (c) P(D) is closed (d) P(D) is bounded 


N 
Solution: (b,d) P(z)=).a,2"1SN<e, a, € R \ {0} and D = {we C: |w| <1} 


n=l 
=> P(z) is a polynomial function and D is open. By Open Mapping theorem, P(D) is open => option (b) 
is correct and (c) is incorrect. 
For option (a), 
Take P(z) =z; (a,=1), N=1 
For w = i/2 
P(z) = if2 
=> PD) ER 
«’. Option (a) is incorrect. 
P(2) =a, taztaz'+...taz" asa,€ Ri{0} 
=> As Domain is bounded and P(z) is entire 
=> P(D) is bounded 
.". Option (d) is correct 
Hence options (b) and (d) are correct. 


Pe : a 162 aes 


oh 
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Example 32. Let D be the open unit disc in C, Let g: D —-+D be holomorphic, g(0)=0, and let 


8(2) » 2ED,z7#0 


Wz=s z . Which of the following statements are true? 
g(0) , z=0 
(CSIR UGC NET DEC-2016) 
(a) h is holomorphic in D. () hb) < D. 
(co) | ¢°1/2) IS1/2. @) (4 gl 
“(2H 2 


Solution: (a,b,d) Since, g:D—D is holomorphic and g(0)=0 
.. By Schwarz Theorem, | g(z)lslz1V zE€D and | g'(0)IS1 
1 1 
i(3] “a 
Thus, option (d) is correct and (c) is incorrect 
a(z)/z , zeD, z#0 
g(0) ,z=0 


In particular, 


Further, h(z) -{ 


—g(0 
ime 19 zeD, z#0 

= Z- 

g'(0) , z= 

- 2 BI)=8O) =, ect 
Clearly, ling h(2) = im =g'(z) and h(0)= g'(0) 
=>h@= g'(z)V zED 
We know that in C if a function is differentiable once, then it is infinitely many times differentiable. 
.'. h@) is holomorphic (analytic) in D. 
Thus, option (a) is correct 
Further, as |g(z)| $ |z| 


=> [22 <1, ie, lh@)| <1 V zED =>h(D) co D 
Zz 


.. option (b) is correct 


CHAPTER - 5 


COMPLEX ANALYSIS 
ASSIGNMENT - 5.1 

NOTE: CHOOSE THE BEST OPTION 
1. The poles of first order are known as 

(a) complex poles (b) simple poles 

(c) singularities (d) none of these 
2. A point z =z, is a singular point of analytic function f(z), if 

(a) at z =z, f(z) is not analytic (b) at z = 2y f(z) is analytic 

(c) atz =z, f(z) =0 (d) none of these 
3. The function f(z) = z’ have zero of order 

(a) one (b) two 

(c) three (d) four 
4, The function f(z) = cos z have zero of order 

(a) one (b) two 

(jo (d) none of these 
5. If f(@) is analytic and has a pole at z =z, then 

(a) \f()| = C, a constant as z > z, () |f@| > 0, asz > z, 

(o) f{@| 7 %, asz— 2, (d) None of these 
6. The zero of first order is known as 

(a) complex zero (b) simple zero 

(c) singularity (d) none of these 


7. The function f(z) =z has isolated singularity at 


(a (b) 0 
(c) Ike (d) none of these 
8 If fhas a pole of order m at z = a and g(z) = (z— a)” f(z), then 
(a) Res ff:a) = — (a) (0) Res (f: a) = g""" (a 
(c) Res (f; a) = aot” (d) none of these 
(m-})! 
9. Ifz=aisan isolated singularity of f, then a is the pole of f, if 
(a) lim fz)| = 0 (b) lim Ya)| = a 
(4) fim V2| = (d) none of these 
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10. Let a be an isolated singularity of f (z)and if \f (2) is bounded on some neighbourhood of a, then a is 
(a) removable singularity (b) essential singularity 


(c) pole (d) non — isolated singularity 
I. Polynomial of degree n has a pole of order n at 

(a) zero (b) infinity 

(¢) curve cd =] (d) anywhere 


12. The function f(z) at is/has 
z 

(a) analytic for all z (b) singularity at z=0 
(c) singularity at n=0 (d) none of these 

13. If G is a region and f is non-constant analytic function on G, Then, open mapping theorem states, for any 
open set U CG 
(a) f(U) is closed (b) f(U) is open 
() f(U)=U (d) none of these 

14, The function tan z have singularities at 
(a) (k+3} k=0,41,+2... 0) aka 

(d) none of these 


(c) 2k™ 
15. The function f(z)=1/z has isolated singularity at 
(a) °° (b) 0 
(ad) None of these 


(c) 1/0 


16. If f(z) has second order zero at z = z,, then 


(@) f@) =f' @) = Oand f" (z,) #0 (b) f@) =f" (2) =O and f' (2) #0 


() fl@) =f" (2) =f" (Z) = 0 (d) none of these 
17. The origin is the zero of z° sin z of order 
(a) 1 (b) 3 
(d) none of these 


(4 
18. If f has an isolated singularity at z = a and f(z) = ye a,(z-—a)" is its Laurent expansion about z = a. Then 
residue of fatz =a is 


(a) a, 
(a, (d) a, 
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19. Ie where C is circle le. 1|=6, is 


(a) -27i 
(oc) xi 


20. If z = is an isolated singularity of f and f(z)= Ya, (2 ~a)® is its Laurent Expansion in an (a; 


Zz =a isa removable singularity, if 
(a) a, =0,nS-1 
(c)a,=0,n2-I] 


(b)0 
(d) 2x1 


: 0, R). Then 


(b) a, #0,nS-I 
(d)a,#0,n2-I 


21. Ifz = ais an isolated singularity of f and f(z) = Ya, (2 —a)" is its Laurent expansion in (a; O, R). 


Then z=aisa pole of order m, if 
(a) a_,,# Oand a, = 0 forn S—(m + 1) 
(b) a, = 0 and a, # 0 forn S-(m + 1) 


(c) a, = 0and a, = 0forn S-(m + 1) 
(d) None of these 


22. Ifz = ais an isolated singularity of f and f (2)=)a,(z-a)" is its Laurent expansion in (a; 0, R). Then 


z =a is an essential singularity if 


(a) a, # 0 for all integers n 
(b) a, = 0 for all integers n 


(c) a, #0 for infinitely many negative integers n 
(d) a,#0 for infinitely many positive integers n 


23. f(z) = log (z + 2) has branch point at 
(a)z=-2 
()z=0 


24, For the function f(z) = , the point z=0 is 


(a) an essential siegutaiery 
(c) a pole of order one 


COS Z 


z then 
z+i) 


25. In the finite z plane if f(z) = 


(a) z =~ i pole of order 3 
(c) z = J pole of order 2 


(b) z= 
(d)z=00 
(b) a pole of order zero 


(a) a removable singularity 


(b) z= +i pole of order 3 
(d) z =-I pole of order 1 


— 
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26. The function f(z) = tanz 


a 
(a) has poles at z=(2n+ )5 ne Z (b) is an entire function 
(c) has no zeros in C (d) has a removable singularity at z = 0 
sin(z — 1) 


27, Let f(z) = ee a then 


(a) fiz) has simple pole ap z=1 (b) fiz) has essential singularity at z=1 
(c) fiz) has removable singularity at z=1 (a) residue of f(z) at z=0 is undefined 


log, (z-—2 : 
et - ,z=-I-i is a pole of order 


28. For the function f(z) =———— 
(z? +2z+2) 


(a) 1 (b) 2 

() 3 (d) 4 
29. The number of isolated singular points of f(z) = ae ana 

z*(z’ +2) 

(a) 1 (b) 2 (c) 3 (d) 4 

30. The value of ) Fe where C: |z|=4, is 
¢ sin Z 

(a) 272i (b) 0 (c) -2%i (d) 472i 

31. The poles of the function f(z) = SiN Z are at 
OS 


(a) one an is an integer (b) a, n is any integer 


(c) nx (d) none of these 


32, Which of the following(s) is/are correct? 
(a) the function f(z) has a pole a order m at the point z=a, then 


1 
Res f(a) = ce lial —-(z-a)” fa] 
(b) the residue of f(z) at infinity is lim[zf (z)] 


(c) the residue o ee ee ee | 
ff OQ" ye-2) 
(d) none of the above 
33. The function sin z is analytic in 
(a) CU {oo} (b) C 
(c) C—{0} (a) C except on negative real axis 
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34. A point z, is called zero of f(z), if 
(a) f(z) is constant (b) fiz,) = 0 (c) f@) 20 (d) none of these 


NOTE : MORE THAN ONE OPTION MAY BE CORREC1 


Zz a 
35. Let fQ= ea then f(z) has Wa 
(a) simple pole at z=- (b) simple pole at z=-2 
(c) simple pole at z=-1 and z=- (d) pole of order 2. 
36. If f(z) is entire, then 
(a) f(@) is analytic for all z (b) f(z) is differentiable for all z 
(c) f@) is not analytic for all z (d) fiz) is continuous for all z 


37. If fis an entire function, then ‘ 
(a) f has a power series expansion (b) f has no power series expansion 
(c) fis not necessarily constant (d) none of these 


38. If fiz) = 2’, then it 
(a) has an essential singularity at z = © (b) has a pole of order 3 atz = 


(c) has not a pole of order 3 atz =0 (d) is analytic at z = 0° 


39. The function fig)= Sin Be + Cos Ha” have the poles at 
(z-1)?(z-2) 
(ajz=1 (b)z=2 
(c)z=-1 (d)z=-2 


40. Which of the following is/are true? 
(a) Zeros of an analytic function are isolated 
(b) Poles are isolated 
(c) A zero of order two is called simple zero 
(d) The value of z for which the function f(z) fails to be analytic is called zero 


41. Which of the following gives the residue at z= 0 ? 
(a) -Res _, +4(4) 
z z 
(b) sole z)dz 
aa f ) 


1 
(c) Negative of the coefficient of — in the expansion of zf(z) in a neighbourhood of z = 0 
z 


(d) all of above 
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42. Which of the following(s) is/are true ? 
(a) The limit point of sequence of zeros is non isolated essential singularity 
(b) The limit point of sequence of Poles is non isolated essential singularity 
(c) The limit point of sequence of, Poles is isolated as well as non isolated essential singularity 
(d) The limit point of sequence of zeros is an isolated essential singularity, 


43. The branch point of f(z) = (z’ + 1)" is/are 


@i (b) -i 
(1 ' (@) f2) is single valued 
3 
44, Residue of ee is 
(a) -1 at z= 00 (b) 1/2 atz=1 
(c) 0atz=00 (d) 1/2 atz=-] 


2 


+1 
45. Let fiz) = (2+Da-) . The singular points of this function are 


at @)w ()w? (a) -1 
46. The pole of the function f(z)= pacar is 
2-1)?(z+2) 
(a) atz =-2,1 (b) atz =-] (c)atz=+1 (d) atz=+2 


47. Which of the following(s) is/are correct? 
(a) Pole is sometimes known as an essential singularity 
®) If f@)=e"*, then z=0 is a point of essential singularity 
(c) The function f(z)=tan(1/z) has a removable singularity at z=0 
(a) None of the above 


48. Which of the following is/are correct ? 
(a) If a single valued function f(z) is not defined at z=a, but lim S (2) exists, then z=a is known as a 
removable singularity 


(b) If for the function f(z) 2einie f (0) is defined as 2, then z=0 is a removable singularity 
z 


(c) Every polynomial of degree n has exactly n roots in C 
(a) None of the above 


49. Consider P(z) = z'° -6z7 +323 +1 and |z|</, then 


(a) P(z) is analytic on |z|=1 
(c) P(2) has seven zeros inside |z|=1 


a | a =) 


(b) P(z) has six zeros inside |z|=1] 
(d) Only (b) is true 
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50. Let f(z) be a complex valued function. Then which of the following is/are true? 
(a) The order of a zero of polynomial equals the order of its first non vanishing derivative 
(b) Zeros are isolated 
(c) Zeros of f(z) are obtained by equating numerator to zero 
(d) Limit point of zeros is an essential singularity 


me) 
51. For the function f(z) =____*___—_.. Which of the following holds. 
(z-1)*(z-2)(z-3) 
(a) z=1 is the pole of order 4 (b) z=2 is the simple pole 
(c) z=0 is the zero of order 3 (d) z=1,2,3 are the simple poles 
52, Let f(z)=_!—, then 
(z? +9)? 
(a) z=3i is a simple pole of f(z) (b) z=—3i is a pole of order two of f(z) 
(c) f(z) has removable singularity at z=3i (d) Residue of f(z) at z=31 is = ae 


53. Which of the following is/are correct? 
(a) The zeros of an analytic function f(z) are isolated 
(b) A singularity of a function f(z) is a value of z at which the function f(z) ceases to be analytic 
(c) A polynomial of nth degree has a pole of nth order at infinity 
(d) None of the above 


2 


54. Given f(z)= pe Ee then 
(z-1I)° (+2) 
(a) the function has simple pole at z=-2 (b) the function has no pole 
(c) the residue of the function at z= -2 is 4/9 (d) the function have no residue 
, z-z+tl : : 1 
55. Given f(z) = + __*— dz, where C is the circle |z\=— ,then 
Cc oztl 4 
(a) f(z) is analytic everywhere within C. (b) f(z) is not analytic 
(c) ff)=0 (d) f(z) has a simple pole 
56. Given f (@=$. g(z)dz, where ee and C is a circle |z|=1, then 
z —-2z+5 
(a) fis analytic everywhere within C. (b) f@)=0 within C. 
(c) the poles of g(z) lies outside the circle (d) the poles of g(z) lies inside the circle 


57. Let f(z)=e, then which of the following hold? 
(a) f(2) is an entire function 
(b) f(z) has an isolated essential singularity at z=0 


(c) f() has an isolated essential singularity at z= 0° 
(d) f@ has removable singularity at z=0. 
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ASSIGNMENT. . 5.2 
TS 
NOTE: CHOOSE THE BEST OPTION 


1. The residue of the function f(z) = ee ene (at z = 2), ig 
° z-1)?(z-2) ee 
(a) (b) 2 (co) 1 (d) none of these 
2. The function f(z) =z" e* atz = co , Where m isa natural number has 
(a) non — isolated essential singularity (b) pole of order m 
(c) pole of order m* (d) isolated essential singularity 


3. The residue of the function f (z) = at the point z= 1, is 


ae Goes 
(2+ 4)(z-1)? 


1 2 8 4 
(a) = (b)= ) — pa 
5 5 O% O 5 
4 f~Z= = z has a pole of order 
(z-7) 
(a) 1 (b) 2 (c) 3 (a) 0 
5. For the function fate, the point z=0 is 
(a) a pole of order 3 ‘ (b) a pole of order 2 
(c) an essential singularity (d) an removable singularity 
6 fZ= see has singularity at 
2(z° +1) 
(a) 0, 1 (b) 0, i (() 0,43 (a) 0, 1, i, -i, 2 


7. The function sin z has simple zeros at 


(a)z=0 only (b)z=0,£2Nonly (c)z=0, £7, £20... (d) none of these 


8. The function é has 
(a) isolated essential singularity at 0 
(c) essential singularity at infinity 


(b) singularity at infinity 
(d) none of these 


9. Let F be any circle enclosing the origin and oriented counter — clockwise, then the value of 
COS Z 
2 


(a) 2xi (b) 0 


dz is 


the integral f 
. (c) -2ni (d) undefined 


i 
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2 
=22 
10. Residue of ————— at double pole at z = -1 is 


(z DF (27 +4) 
(a) 4/5 (b)-4/5 (c) -14/25 (d) 14/25 
11. Resid Zz aoaeca z= 3, is 
esidue of f(z) = ~De- ee 3, is 
(a) o (b)-8 2 a (d) 0 


- 


12, Let T denotes the boundary of the square whose sides lie along x=+ 1 and y=+1,where T is described in 


the positive sense .Then the value of J 5 3 dz is 
ree 


(a) = (b)2 xi (c)0 (d)- 27 


13. Let J = OE where C is contour 4x’ +y"=2 (counter clockwise). Then I is equal to 
(- z, 


CNET At 


_ 25 
(a) 0 () 22 (o) 2 - a -3} gt 
nh? 2 sinh“ 7 
14, For the function f(z) = C us z» the pointz = 1 is 
= 
(a) removable singularity (b) pole of order 1 
(c) pole of order 3 (d) essential singularity 
Z 2 
15. Let f(z) =—————_—____, then 
ue (z-a)(z—b)(z—c) 
(a) lim f(z)=1 (6) lim of (z) =—1 
(c) residue of f(z) at infinity =1 (a) lim -2f(z)=-1 
16. For the function f(z) = ae , which of the following is true? 
(a) z=1,2,3,... are the pile simple poles (b) 2=0 is pole of order 2 
2 
(c) 2=0 is pole of order 3 (d) Residue at z=0 is 


“Zz 


17. The residue of f(z) at z=2 where f(z) = ar is 
z 


—2) 
1 e as 1 
(a) 6 (b) r (c be? (d) ay 
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18 For the function F(z) =sin cr iP . Choose the correct option. 


(a) f@) has no singularity 
(c) all the singularities of f(z) are poles 


(b) fiz) has exactly one singularity 
(d) infinity is simple pole 


19. If f(z) =2 ° —3i2? +22-+i-I and C encloses zeros Of f(z), then i £@ dz is 
© £(2) 


(a) 5xi (b) 0 


20. Number of poles of the function f(z) = tan lis 


(a) 2 (b) 4 


sin z 


21. The sum of the residues of f(z) = 
(a) 0 (b) 1 


22. The zeros of the function sin(3iz + 1) are 
(a) zero (b) inat+h/2 


(c) 10 xi (d) None of these 


(c) infinite (d) none of these 


——at its poles inside the circle |\z|=2, is 
SZ 


(c)-1 aa 


(co) ina+)B (d) none of these 


NOTE : MORE THAN ONE OPTION MAY BE CORRECT 


23. fiz) = sin(1/z), z = 0 is a/an 
(a) removable singularity (b) simple pole 


24. The residue of ©°S= is 
z 


(a) -1 atz= © (b) 1 at z=0 


25. At z = 0 the function f(z) = Tneos? has not 
(a) a simple pole 
(c) an essential singularity 


26. fede is not equal to 
idl 


@ zi (b) 227i 
cay: 
27. The residue of sa £ atz = 0 is not 
z 
(a) 0 (b) -1/7! 


28. fiz) = 2z + 62° has not 
(a) a pole of second order at infinity 
(c) a pole of fourth order at infinity 


(c) isolated singularity (d) essential singularity 


(c) -1 atz=0 (d) latz=00 


(b) a removable singularity 
(d) a non-isolated singularity 


(c) -271 (a) -ai 


(o)1/7! (d) none of these 


(b) a pole of third order at infinity 
(a) all of these 
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29. Let [Os oa C is the circle 


1)(z-3) 
(a) 2xilf((z-D+ FBZ —3)] , by Cauchy's integral formula 
(b) 2xiLf()(z—-1], by Cauchy's integral formula 
(c) 2mi[Res(z=1)+ Res (z =3)]. by Residue Theorem formula 
(d) 2x i[Res(z = 1)] , by Residue Theorem formula 


4-5. Then f f(2)de equals to 
c 


30. For f(z) =z cosec z, which of the following(s) is/are true? 
(a) The poles of fiz) are z=na,neZ n#0 (b) z = © is anon isolated essential singularity 


(c) The poles of f(z) are at z=0 (d) z = © is the limit point of the poles 


31. For f(z) = 22 sin u , which of the following(s) is/are true? 


z- 


(a) z=0 is a pole of order one (b) z=0 is a pole of order two 
(c) z=1 is an isolated essential singularity of fz) (a) z=1 is a limit point of the zeros 


32. Which of the following is/are correct? 
(a) The zeros of an analytic function J) are isolated. 
(b) The residue of f(z) at infinity = lim|zf( z)]- 
(c) An integral function is the function which is analytic everywhere. 
(d) None of the above. 


Be) 
(z-I(z- 2)(z - 3) 
(a) R,+R,—-R, +R, =0 (b) R,+R,+R,-R, =0 
(c) R,-R, +R, +R, =0 (2) R, +R, +R, +R. =0 


33. If R,,R,,R, and R,, denotes the residue of atz = 1, 2,3 and respectively, then 


34, Which of the following is/are correct? 
in a Laurent series for 0 <| z\<1 is > Ea 
a am 


‘a) The expansion 09, 
@ : fF 3242) 


1 


(b) If fi) has a zero of order n at z=a, then re) has a pole of order n at z=a. 
z 


(c) The function f(z) is said to be singular at 2=0 if f(1/z) is singular at z=0. 
(d) None of these 


35, Laurent expansion of f(z) is given by f(z)= 4, (z- Z)" +3, (z-z)), Where 


n=0 n=l 
I F(z) act f(z) 
7 gees pat A 6) p, = [_£@_ 
(a) a, Wi "(z—-Z)"" z ra ae dz 
(c) Res f (2) =5, (d) z, is removable singularity for all b =0 
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NOTE: CHOOSE THE BEST OPTION 


The function g, defined by g(z)=z* sin( +) has at infinity 


1. 

(a) a pole of order 4 : (b) a pole of order 3 

(c) removable singularity (d) essential singularity 
2. The value of the integral | =[ iat , where C:\z& 32, is 

e et 

(a) 227i (b) 321 (c) 62 (d) 0 
3. The residue at z=1for f(z)= 5 , is 

(a) e (b) e' 1 es é. (d) ene 

2 2i 

4. Tf; Be aes the number of singularities of f(z) on the line segment (-n #,nZ) is 

(a)n (b) 2n-1 (c) 2n+1 (djl 

1 

5. For the function f(z)=e* , atz=0 

(a) limit does not exist (b) limit exists but f(z) is discontinuous 

(c) f (2) is continuous but not differentiable (d) fG) is differentiable 
6 Ifl= {es cot # zdz, then I is equal to 

[z=2.5 

(a) 202i (b) 201 (c) 20x? i (d) 10i 
7. The number of singularities of coth (z/2) in the circle |z| =12 is 

(a) zero (b) one (c) three (a) four 
& Letne Z. The set of all singularities of the function f(z)=2+|Z lis 

(a) Only na (b) only 2nx (JR (d) @ 
9. Consider the function Josterd), Its singularities are 

zt+4 


(a) {0,2i,-2i} (b) {21,-2t, y=-1(xS0)} 
(c) {1,2i,-2i} (d) {2i,-2i, y=I(x<0)} 
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10. The singular points of cosech z Log z are 


(a) z=2n72 (b) z=nri 

(c) z=(2n+1) (d) z=(2nt+ 1) ri 
11. The number of singularities of tanh z in the circle |z| = 12 is 

(a)l (b) 2 


(c)4 (d) none of these 


g* 1 ; 
12. The singularities of the function f(z)=———,_ . —,a a0 ohn ne Z are the simple poles at 
, 5 sin z—sina 2 


(a)na +a (bh) na +(-l)" a 
(c)na-a (d) none of these 


13. Let f(z) be an even analytic function having a pole of order two atz =a. Then the residue of f(z) atz =a 


Is 


(a)-1 (b) 0 
(co) 1 (d) 2 
14. The residue of the function f(z) = a at z=0, is 
z° sing 
(a) -1 (b) 0 
(1 (a) 2 


4 
15. The residue of tan z at z = 2° is 


(a) -1 (b) 1 
(c) 0 (d) 2 
Ti 
16. The residue of tanh z at z = | is 
(a) -1 (b) 1 
(c) 0 (a)2 
17, The residue of 1 cosec (Az) atz =n, n€ Z,is 
(a) (-1)" (b)n 
(c) 0 (da) -n 


18. The number of roots of the equation Z >_12z7 +14 =0 that lie in the region {: E€C:2zk 3} is 
2 


(a) 2 (b) 3 
(4 (d) 5 


i ; <176> 7 
Ree | 
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19, The general term in the expansion of coshz with the help of Taylor series is 


onl ’an 
‘a) ——— z 
f Qn +1)! () Qn 
(o) = i (d) None of these 
20. The function f : CC defined by f(z) =sinz is 
(a) one-to-one (b) onto 
(c) one-to-one and onto (d) neither one-to-one nor onto 
21. The value of dz is 
I kes (z+1)* 
(a) 201i &"' (b) 821 6? 
3 
(c) a e (d) 0 
22. The residue of f(z) = cot z at any of its poles is 
(a) 0 (b) I 
(o) v3 (d) none of these 
23. The number of zeros, counting multiplicities, of the polynomial z’ + 3z’ + z’ + 1 inside the circle 
|z| =2, is 
(a) 0 (b) 2 
(c) 3 (d) 5 


24. Let y be a simple closed curve in the complex plane Then the set of all possible values of a is 
z\l-< 
Y 


(a) {0,+ xi} (b) {0, zi, 2 zi} 
(c) {0,+ mi,+ 2m} (d) {0} 


at z=0° is 


25. The singularity of é 


(a) a pole 
(c) a non-isolated essential singularity 


(b) a removable singularity 
(d) an isolated essential singularity 


26. Let f and g be analytic in a domain D and let each have zeros of order m and n at z = Z,. Then order of 


zeros of fg at z= Z, is 
(a) m +n 
(c) <max{m,n} 


(b) Smin{m,n) 
(d) mn 
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NOTE : MORE THAN ONE OPTION MAY BE CORRECT 


27. The function ftz)=sin4 has 
z 


(a) removable singularity at z = 0 (b) simple pole at z = 0 
(c) no essential singularity at z=0° (d) essential singularity at z=0 


28. If f (z) =u-+ivis analytic and (u, v) lies on a circle of unit radius with center at origin for all values 


ze C , then which of the following(s) is not true? 

(a) f@) has countably infinite singularities 
(b) f@) is non — constant entire function a 
(c) fis meromorphic function with non empty set of. singularity , : 
(a) f(z) is constant 


29. If f(z) = xy’ + 2ix’y’, then which of the following statement(s) is/are correct? 
(a) f(z) is differentiable at infinite number of points 
(b) f(z) has finite number of singularities 
(c) f(z) is nowhere analytic 
(d) f(z) is analytic everywhere 


30. Which of the following is false for a non constant entire function? 
(a) cannot have uncountable number of zeros in C. 


(b) can have a countable number of zeros in a bounded region of C. 
(c) cannot have three zeros lying on a straight line. 


’ 


(d) should have at least one zero in C. 
L 


31. The singularity of the function RTE is at 
3 

(a) -2 6) -5 (y=0(xs-3] (d) 2 

32. ¥ f= z-z+tl, ths ak 2 fe dz is not el 
(z) li, 

(a) -3 , nn OHS 

(c) 2 (d) 0 
33. If f(z) = = 00, f(z) has 

(a) a (b) essential singularity 

(c) isolated singularity . (d) non-isolated singularity 
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34. For the function f(z) = Gaay .a€Z, which of the following(s) is/are true? 


‘ 


(a) 2 =n, (ne 1) are simple poles of f(z) if n is finite 
(b) 2= © is the non-isolated essential singularity 
I 
a(n- ay 
(d) z = ais the pole of order two 


(c) Residue at z=n is 


35. Which of the following(s) is/are not correct? 


(a) If the function f(z) has a simple pole at z=a, then Res f(a)= lim|(z-a)f (z)] 


Fd G(a) 
(c) The function f(z)=tan(1/z) has a removable singularity at z=0 
(d) None of these 


(b) If the function f@=o2 has a simple pole at z=a, then Res reve F(a) 
(2) = 


36, Let f(z) =e cosec’ z, then for f(z) 
(a) z=0 is the pole of order 2 (b) z= © is anon isolated essential singularity 


(c) Z=NA,NE Z are the poles of order 2 (d) Residue at z=0 is 0 


. 2 2 
37. The value of the integral pee de, where C is the circle |z| = 3 traced anti clockwise, is 
. (z-4)(z-2) 
Cc 


(a) -21 7 (b) it 
(c)- it (d) 2 iN 
38. The value of the integral f ed ; C : |z| = 4 is equal to 
ct 
(a) Ni (b) 0 
(c) -Ti (d) 2M 


39. Which of the following(s). is/are true? 
(a) A polynomial of degree n has no singularities in the finite part of the plane but has a pole of order n at 
infinity 
(b) A function which has no singularity in the finite part of the plane or at infinity is constant 
(c) A function f(z) is a polynomial of degree n if and only if f(z) has no singularities in the finite part of the 
plane and has a pole of order n at infinity. 
(d) If a function f(z) is analytic for all finite values of z and as\zb-+e, | f(z)Ealzl‘, then f(z) is a 


polynomial of degree S k. 
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7. (a) 

14. (a) 
21. (a) 
28. (d) 
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56. (a,b,c) 
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21. (a) 
28. (a,c,d) 
35. (a,c,d) 


7. (c) 
14. (b) 
21. (b) 


33. (b,d) 
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CHAPTER - 6 


EVALUATION OF DEFINITE INTEGRALS AND BILINEAR 
TRANSFORMATIONS 


INTRODUCTION 
The integrals discussed in this chapter are those termed as definite integrals. Definite integrals can be 
recognized by numbers written to the upper and lower of the integral sign. The standard method of evaluating 
a definite integral is based on ‘Fundamental theorem of Calculus’. Many types of real definite integrals can be 
using the results of contour integrals in complex plane. We use residues to find these integrals. The 
calculus of residues often provides an efficient method for evaluating certain real and complex integrals. We 
shall discuss this in the beginning of this chapter. Another important class of elementary functions is the 
mobius transformations or bilinear transformations. Mobius transformation provides a very con venient method 
of finding a one-to-one mapping from one domain into another. In this section, we will discuss how they are 
used to map a disk onto a disk or a half plane onto half plane. 


61. CONTOUR INTEGRATION 


6.11. Improper Integral Involving Rational Functions: The evaluation of definite integrals is often 
achieved by using the residue theorem together with a suitable function f(z) and a suitable closed path 
or contour C. The following types are most common in practice. 


(A) J i F(sin 0,cos 0) d®, where F(sin®, cos@) is a rational function of sin® and cos®. Here 8 is the 


at 
a4 


argument of a point z on the unit circle centered at origin. Let z= e'?. Then sin6= — 
+z ‘ a 
and dz = ie‘® dO or d@ = dz/iz['.” on |z|=1, z=z"']. The given integral is equivalent 


z 
cos® = 


as -1 ea | 
to J F(sin @,cos 0)d0 = j (se elt , where C is the positively oriented-unit circle with 
0 < & 


centre at origin. 


f_do =. 


2 
For Example: Show that 
3+cos9 = V2. 


0 
2x 
Solution: Let | = (a 

* 3+c0s8 


Here, F (sin@,cos 0) =———_ 
ere, F (sin@,cos 0) Aue 


Let z=e'® =cos@+isin@ => z' =cos@—isin@ 
Eel -1 ; dz 
== 242 ond dz =ie d0 => d0=— 


,cos 8 = 
2i 2 iz 


>sind= 


ia a 
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a2 gd 2 f fea os 
idy(22 +6241) 6,2, (2-(-3+-V8)) (z+ 3+ V8) 


: ea 


=—x2m (ere reverd amare ter cis 
i -3+ V8 +3+V8 2/8 v8 V2 


(B) [F (x) dx, F(x) is a rational function of the real variable x. Consider fF (z)dz along a contour C 
c 


oo 


consisting of the semi circle C, |z|=R above the x axis having the line segment of the real axis from —R 
to +R as diameter. Then, let R > ~, if F(x) is an even function, then f F(z) dz can be used to 
A 


evaluate J F(x) dx 
0 


For Example: (i) —. = 1/4. (ii) —- = 3/16. 
9 (+x°)° 9 (x +1) 
(C) [ F()sinmxdx or [F (x)cosmxdx, where F(x) is a rational function of x and m>0. Here, we 


~ oo 


consider fF (z)e’”" dz, where C is the same contour as that in Type (B). 
7, 


Here f F(z)e™dz can be used to evaluate J Fosin mx dx or [Fo cosmxdx 
c oo 2 


6.1.2. Special Theorems Used in Evaluating Integrals : 
Theorem 6.1.2.1. If tim (z— a) f(z) = A and if C is the arc 8, < ®<8, of the circle |z—a| =r, then 


lim J F(@ae = A(0,-9) 


In particular, ifz = a is a simple pole of f(z), then A is the residue of f(z) at z = a and if C is the arc is 
a small circle \z — a|=r, we have 0,- 8, = 21, then we get | f()ae=2n iA. Particularly 
Cc 


if (z-a) f@) — 0asz— 0, then f f(z) dz — 0 as z — 0. In evaluating integrals as above, it is often 
c 


necessary to show that i) f (z)dz and fem Sz) dz approaches to zero as R > oo. The following 
r T 


theorems are useful for it. 


M 
orem 6.1.2.2. If |F(z)| S$ — = Rie 
Th | Rt forz = Re", where k > I and M is constant, then if T is the semicircle, 


lim [ F(2)dz =0 
Res 


De <M = 
See SEER TENS Aer z = Re'®, where k>0 and M is constant, then if T is the semicircle, 


A imz; a 
sn f,orreyee=0 


Some Important Integrals: 
+ cosmx x ie 
1. Vay are tale :a>0,m20 
> xsinmx a aa 
2. Laan ap de ,a>0,m2>0 
+ sinmx 4 
3. 3 = 1 - "), a> 
eae er ee 
cos mx x 
4. =e" a>0,meER 
le +x’) 2a 
7 cos x 
5 f 7 = =e" a>0,meER 
(x° +a°) 
= xsi 
6. lara? =s(m)ae7™",a>0, m ER, where s(m)=1,-1,0 ifm>0,m=0,m <0 respectively 
2(x* +a 
7. f_Sinnx_ = _q_e-nll) m>0, a@ER 
lara 2a? aii la 
6.1.3. Jordan’s Lemma Theorem: If C, is semicircle with its centre at origin and radius R in the upper half- 


plane and f(z) satisfies the following conditions: 
(i) It is analytic in the upper half-plane except at a finite number of poles. 


(i) ~~ fl) —0 uniformly as |z| > © for O<arg zSZ, then lim|e™f(2) dz=0, where m is 
oR 


positive real number. 


<a> 
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6.1.4. Evaluation of Infinite Integrals when Integrand has Poles on Real Axis: 


6.2, 


Let us consider the function f(z) =— 


“ 
in the upper half plane. The semicircular C, is chosen as shown in figure gi 


@ 


(ii) 


(iii) 
(iv) 


imz 


as Clearly the function f(z) has simple 
ven below consisting of 


pole at z=0 and no pole 


the semicircle C, with centre at the origin and radius R in the upper half — plane given by 


Z|=R. 


the line segment of the real axis from —R to —r. 


the semicircle C,, with centre at the pole z=0 and of the infinitesimal radius r given by |z|=r. 


the line segment of the real axis from r to R. 

As there is no singularity in the interior of C, by Cauchy residue theorem 
-r R 

[rode =f fedde+ J foode+ f f@dde+] nar =0 ee 

Cc Le -R G r 


imz 


ei™ 
z 


1 
As | f(z)E = =5 20 as R3&; 


-R -r r R 
: e™ 
Therefore by Jordan's lemma lim | f(@dz= lim f—« (2) 
Cp c, * 
eA io dz. 
Now, on semicircle C, z= re” => — =id@ and hence 
z 
0 0 
. en imr(cos 6+isin 8) - i; -mrsin8 , imrcos 8 + : 
lim J Fedde =lim |e idO =limJe el” 9id9 = iz 7) 
R = x 


Let R->™ and r—+0 in equation (1), in view of (2) and (3) 


[ f)dz=0+ [rear-in+f pendr=o ie. [reodesia or ier 
c aan 0 Ss 5 


CONFORMAL MAPPING 

Let w = f(z) = u + tv be a complex valued function of a complex variable z, where z = x +iy and 
u = u(x, y), ¥ = v(x, y), then some correspondence between point (u,v) in the w-plane with aay int 
(,y) in the z-plane is obtained which is called a mapping or transformation of points i pe 
points of the w-plane. ila 


scene SEN Ate ett teense danny 
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Note: 
(a) 


() 


(¢) 


6.2.1. 


If for each point of z-plane, there corresponds one and only one point of w-plane, then aur 
correspondence is known as one to one transformation. 


The corresponding sets of points in the two planes are called images of each other. 


au du 
d(u,v) _|Ox Oy} _ dudv dudv 
(x,y) [av av] dxdy aydx’ 
dx oy 


is called the Jacobian of the transformation. 


. . : : u,v : 
If u and v are continuously differentiable in any region D and if the Jacobian — my) does not vanish 
, O(x, y) 


in D, then the transformation is one to one. In particular, if f(z) is an analytic function, then using 


du dv du_ av u,v) du du et =| 


Cauchy-Riemann equations — = —,— =-——., we get -=— 


dx dy dy ox’ Oxy) ax ax ayl ay 
2 

( ou i du ou .ou 

a + = +i 
ox oy ox dy 

CONFORMAL AND ISOGONAL TRANSFORMATION: 

Let the transformation u=u(x,y), v=v(x,y) map a point z,=x,+iy, of the z plane to a point w,=u,tiv, of 
the w plane. Further let the two curves C, and C, intersecting at z, be mapped on two curves Y, and 


Y, intersecting at w,. If the angle between the intersecting curves C, and C, at z, is equal to the angle 
Y, and Y, at wy, then the transformation is called isogonal 


at f(z)? 


between the intersecting curves 


transformation. 
However if the sense of rotation as well as the magnitude of the angle is preserved, then the 


transformation is said to be conformal. 
y v 
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Fig: Conformal Transformation 


Necessary and Sufficient Conditions for w= f(z) to Represent a Conformal Mapping: 


(a) 


(b) 


Note: 
@) 


Q) 
6.3. 


6.3.1. 


If w=f(z) represents a conformal transformation of a domain D in the z-plane into a domain D’ of the 
w-plane, then f(z) is an analytic function of z in D, i.e., if f(z) = u(x,y) + iv (x,y) is conformal, then f(z) 
must be an analytic function of z. Thus u(x,y) and v(x,y) are differentiable functions and hence must 
satisfy Cauchy — Riemann equations, i.e., ou = ov and oe = ie 

x oy oy ox 


Let f(z) be an analytic function of z in a region D of the z-plane and let f’(z)#0 inside D. Then, the 
mapping w = f(z) is conformal at the points of D. 


If fz) is analytic at z, and f’(z,)#0, then under the transformation w=f(z), the tangent at z, to any 
curve C, is rotated through an angle @, =arg{f‘(z,)}. Also, the distance of a point z, on C, from the 
point z, is magnified by an amount | f'(z,)|. 


Iff@)= w conformal at z,, then f(z) has local inverse at z, 
INVERSE POINTS 


Inverse points with respect to a line: The two points P and Q are said to the inverse points with 
respect to a line AB if Q is the image of P in AB, i.e., if the line AB is the right angle bisector of PQ. 


j-------U 


| 


2) 


6.3. 


2. Inverse points with respect to a circle: 


Two points P and Q are said to be the inverse points with respect to a circle S if they are collinear with 
the centre C and on the same side of it and if the product of their distances from the centre is equal to 
r, where r is the radius of the circle. Thus when P and Q are the inverse points of the circle, then the 
three points C, P, Q are collinear, and also CP.CQ =r’, where P and Q lie on the eaine side of C. 


Remarks: 


1, 


Two points z, z, are the inverse points with respect to the circle wi+bet+bz7+c=0 


iff z,Z, +62, + bz, +c =0 


Inverse of a point ‘a’ with respect to the circle |z—c| = R (circle of radius R with centre at the point c), 
2 


is the point c + 


a-c 


2 


If centre of the circle is at the origin and radius is R, then b = — 
a 


If centre is at the origin and radius unity, then b= 


J 
a 


BILINEAR TRANSFORMATION 


Some General Transformations: In the following a, B are given complex constants while a, ®, are real 


constants. 
Translation: w = z + B. This transformation will displace or translate every point in the z plane along 


the direction of B through a distance equal to |B]. 


Rotation: w = Bz, B eC 
By this transformation, the curves in the plane are rotated through an equal angle to arg B, where B is 


unimodular, i.e., w=Bz is rotation of |B|=1. 


Stretching or Magnification: w = az,a € R 

By this transformation, curves in the z-plane are stretched (or contracted) in the direction of z in ratio 
lal ifa > 1 (or 0 <a < 1), Contraction as a special case of stretching. This transformation is also 
known as homothetic transformation, w=az, a€C represents magnification if arg a=zero, i.e., if a is 
real and positive. : 


<187 > 
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4. Inversion: w = 1/z, Clearly w=(1/z) is the resultant of z=1/z,w=14, where the formal is reflection in 


the real axis and the latter is reflection in unit circle. 


(1), where 0 and B are given complex 


6.4.2, Linear Transformation: The transformation w = Oz + ) con 
rmation is a combination of 


constants, is called-a linear transformation. Thus a general linear transfo 
the translation, rotation and magnification. 


; z+b 
6.4.3. Bilinear or Fractional or Mobius Transformation: The transformation w= = ae ad-bc #0 ...(2) 
CZ 


ation associates a unique point of the 
be considered as the 


is called a bilinear or fractional transformation. This transform 
w-plane to each point of z-plane and conversely. This transformation can 
resultant of.a series of translations, rotation, magnification and inversions. 

Bilinear transformation (2) has the property that circles in the z-plane are mapped 
w-plane, where by circle we can include circle of infinite radius which are straight lines. 


into circles in the 


Note: 1) A given bilinear transformation is resultant of an even number of inversions. 
2) The expression ad-bc is called the determinant of bilinear transformation (2). 


Result: Product of Two Bilinear Transformations is Bilinear Transformation: 
Consider two bilinear transformations T, and T, defined by 


qztd, c,ztd, 
a, eeu + b, 
sec of ejzt+d, ‘ 
cz+d, ‘ azt+b, id 
*leztd, . 


Hence, e =T,(T,(z)) = @+B where & = aa, +b,c,,B = arb, + byd,, 


rariey=P 


y=Ca, +d,C,, O=c,b, +d,d, 

The determinant is ad— By 

= (aga, +.b,¢, (c,h, + dyd,) — (a,b, + bd, )(c,a, + 4,0) 
=a,4,d,d, + b,b,c,¢, — 4,b,4,¢, — b,d,c,.4, 

=(a,d, — b,c, )(a,d, — b,c.) 


+0 
It follows that the transformation T,T, is also a billinear transformation and is called product of two 


transformations T, and T, 


6.4.4. Critical Points: Let f(z) be a non-constant analytic function in a domain D. Uff "(z 9) =0 for some 2, 


in D, then z, is called the critical point of the transformation. Also, the points where fie fou: 
called ordinary points ° 


a 1885 


6.4.5, 


Case I: 
7] 
(ii) 
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Consider the bilinear transformation w = T(z) = da+b 


ete hd oF 
Solving this for z, we get the inverse mapasz=T' (y) = 6 ~ wd (2) 
Transformation T associates @ unique poi “the ae 
d qe point of the w-plane to any point in z- plane except the point 
z= -“ when c # 0. The fransformation T*! associ 


a ales a unique point of z- plane to any point of 
w-plane except the point w = = when c #0. These exceptional points z = -4 and w = are mapped 
4 = 5 S 
into the points w = ©0 and z = co respectively as obvious from (1) and (2) 


From (i) dw _ OE ss a oo if gaat 
dz (cz +d)? dz fh c 
0 if z=00 
: d 
The points z = - ae z= are called critical points, where the conformal property does not hold good. 


If the complex plane is closed by addition of the point ©, then we say that the bilinear transformation 
Sets up one-one correspondence between all the Points of the closed z-plane and closed w-plane. 


Fixed or Invariant Points of a Transformation: The points which coincide with their transformation 
are called invariant or fixed points of the transformation. Thus, JSixed points of a transformation 
w = f(z) are obtained by putting w = z 

az+b 


The invariant points of the transformation w = d 
czt 


(DD 


+b 3 a / 
or cz". (a-d)z-b = 0 or z= @=DEVM 
cz+d 2c 


where M = (a-d)’ + 4bc. The number of finite fixed points is one or two according as M = 0 or M#0. 


is given by z = 


When c#0 


—d)tvM 
If M# 0, then (1) have two fixed points given by z —_ 
c 
-d 
IfM = 0, then (1) has only one finite fixed point given by z 9 ) 


Case IT: When c = 0 


7) 


aztb _a 
O+d d 


b 
int is gil =4,45 or z= (3) 
The fixed point is given by z i Zz z ee 


Ifa-d #0, then (2) declares that one fixed point is c and (3) declares that the other fixed point is JSinite. 
Yfa-d = 0, then the transformation has one fixed point, i.e, , according to (3) . 
Thus we have the following results: 


b 
Ifd #0, then (1) becomes w = Zz o 


189> 
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(i) ifc # 0 and M # 0, two finite fixed points. 

(ii) ifc #0 and M = 0, one finite fixed point. 

(iii) = Ifc =O and d#0, only one finite fixed point. 

(iv) — ifc=0and a-d = 0, only one infinite fixed point ,i.e., ©. In this case w = az + (b/d). 
(vy) if c=0 and a-d#0, one finite and the other is ©. 


Normal Form of a Bilinear Transformation: 


(i) Every bilinear transformation with two finite fixed points a, B can be put in the form =k 


and if B = ©, then it becomes w - & = k (z- Q) 

(a) If \k\=1, then transformation is called elliptic. 

(b) If k > 0(# 1), then transformation is called hyperbolic. 

(co) If k = ae, where a and 0 are real numbers such that a # 1, a > 0 and & # 0, then 
transformation is called loxodromic. 


(ii) Every bilinear transformation which has only one finite fixed point @ can be put in the form 
1 


1 
— = +k and if & = ©, then it becomes w =z +k 
w-Q@ z-@ 
In this case, transformation is called parabolic. 


Example 6.4.5.1. Find the fixed points and the normal form of the following bilinear transformations: 
; z a z—l 
i) w = — ii) w = —— 
" z-2 uy zt+l 


Is any of these transformations hyperbolic, elliptic or parabolic? 


Solution: 
Zz 
z-2 


(i) The fixed points are given bay w =z, i.e., z= or z’- 2z~z=0 orz(z- 3) =0. 

=> z= 0, 3. Hence fixed points are 0, 3. 

To find normal form, (eget SE gp WET : \Z -2 cone. (2 a | 
Lo 


z-2 . w-3 \z-2)6-22 Oh tag 
Pry tes (2-5 wie k=- 


2 
Lit p ee ore ' 
; - e” , hence the given transformation is loxodromic. 
w- ie 


(ii) The fixed points are given by z =2— 
z+ 


2+2-z2+1=0> (z-i) @+ i) =0 > 251 orz=-i 
es peaeie ys (l-i)z-(d +i) 
z+] z+l 
el 5 U4De-0=)) 
ztl ztl 


ath 


andwti= 


a 


Sa aS a aN 
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Dividing (1) by (2), a a eo wei zsh 
wti l4i z~(1-i)(1+i) W+i veg , Which is in the normal 
form. 
cee ce ae Cd ea 
“T+i 14+ ame 


ate Leaee 
Herek=-i =e = |kl = 1, so transformation is elliptic. 


64.6. Cross Ratio: Ifz,, z,, 2, z, are distinct point, then the ratio 24 ~ 2 NZ, ~ 24) is called the cross ratio 


(2, — 2% - 25) 
p 2» Zy 2). A bilinear transformation preserves cross ratio, 
ie, fZ) Zp 25 Z, are transformed to w., Wy Wy W, respectively, then (2,, Zp 2, Z)=( Wy, Wy Wy Wy. 


of Z), Z» 2, Z, and is denoted by (z 


Equation of a Circle through three given points: 


Equation of a circle passing through three given points z,, z,and z, is given by 


(z— % (Z — 25) (Z7-Z,)(Z, -%) . 
=, where z is any complex variable lying ircl 
(2, -2,Me,—-2) (&-ZNZ,-2) 1y complex variable lying on circle 


64.7. Some Important Theorems: 


Theorem 6.4.7.1. Every bilinear transformation is the resultant of magnification, rotation, inversion and 


translation. 
az+b fe 
Proof: Let w=T(z)= (ad —bc #0), be a bilinear transformation 
: CZ 
bc —ad 
If c#0, this transformation can be written as w oer ae +4 
7) z+ <| . 
e 
! d : 
Let us write Z = z+— (i) 
c 
= i aes (ii) 
_ be-ad «(iti 
Ss é (iii) 
>we=r+e (iv) 


a 


Above relations show that the bilinear transformation is the resultant of translation given by equation 
(i), inversions in the real axis and unit circle given by equation (ii), a rotation and magnification given 


by equation (iii) and then again translation given by equation (iv). If c=0, then Te=S245 


Provided d #0 
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Let =" 2. Then, w= p42 


Thus, be given transfor Ronn is the resultant of magnification, rotation and translation. 
Note: Inverse of bilinear transformation is again bilinear transformation. 


— 2, zq- Za) 


pes Bi Shoe is purely real. 
(2, — 25) 7 21) 


Theorem: 6.4.7.2. The four points Z,,2,,2, and Z4 are concyclic, ¢& 


Theorem: 6.4.7.3. The set of all Bilinear Transformations forms a non-abelian group under the product of 
transformations. 


Theorem: 6.4.7.4. Bilinear Transformation maps family of circles and straight lines to family of circles and 
straight lines. 


Example: 6.4.7.4.1. The map w=1/z transforms circles and lines into circles and lines. 


Solution: Let a,b,c,d be real numbers such that b *+07> dad 

Then the circle in z-plane is represented by a(x” ty’ ?)+bxt+cytd=0... (1) 

taking w=utiv=1/z, (1) is transformed to d(u’ hy?) +bu-cv+a=0... (2) 

which is a circle or line depending on the nature of real constants. 

Thus from(2), it is concluded that 

(a) A circle not passing through the origin (a #0, d# 0) in the z-plane is mapped on a circle in the 
w-plane not passing through the origin. 

(b) A circle passing through the origin (a # 0, d= 0) in the z-plane is mapped on a line in the w-plane 
not passing through the origin. 

(c) A line not passing through the origin (a = 0, d #0) in the z-plane is mapped on a circle in the w- 
plane passing through the origin. 

(d) A line passing through the origin (a = 0, d = 0) in the z-plane is mapped on a line in the w-plane 
passing through the origin. 

(e) maps |z| onto |w| = 1 

@) maps |z| < 1 to |w| > 1 and |z| > 1 to |w| <1 


Theorem: 6.4.7.5. Bilinear Transformation maps inverse points w.r.t. a circle to the inverse points of 
transformed circle. 


Theorem: 6.4.7.6. Every Bilinear Transformation is the resultant of an even number of inversions. 


Theorem: 6.4.7.7. Every bilinear transformation maps the family of circles wn( = 4). Lut # 0) through 
z- 


the fixed points z, and z, onto a similar ‘family in the w-plane through two fixed points w, and w, which 
are the transformation of the points z, and z, respectively. s 


[- 192 > os > ] 


Theorem: 6.4.7.8. (Bilinear Transformation Theorem) Let S@) 
has a zero of order k-1,k=1,2,.. 
the factor k. 


be analytic at z, such that {’(z,)=0. If f'(2) 
+» at Zz, Then mapping w = Jz) magnifies the angle at the vertex z, by 


Theorem anh case es Theorem) Let © be a simple connected domain in the complex plane 
bee a . plane itself). Then 3 a conformal map which maps Q in a one to one manner onto the unit 
isc |w|<!. 


Remark: To find a bilinear transformation which MAPS Z, ZZ, tO Ww, W,W,. Let w = oa he the required 


: Pe hs cz + 
bilinear transformation. Then simplify (w, Wy Wy Wy) = (2, Zp Zy Zy). 


Example 6.4. 7.1. Consider the transformations w= T(z) = sine ,Ww=T,(z)= cei 
z+3 : 


zt! 
Find T,'(w), T;'(w), T;\(z), T7,(z)_ and T;'7, (2). 


zt+2 2-3w 


: . pes = 4 2-3w 
tion: Solving W= » we get 2= 2" (w) =——— 
Solution: Solving 75 & ae T, (w) aarer 
z+2 
Zo Sag 
ET(2)=T, __z4+3 te? 
. z+3) z+2 2z+5 
<P * 4] 
z+3 
z -w z w 
Again, w=—— gives z=——_ ».T,'(w) = -——_ 
ss z+1 © “wel ay wl 
F +42 
ond T3(2) = 1 Zz )-4# _ 322 
zt+l z 43 4z2+3 
gtl 
ore 
Also, T" =T 2+2 eee eee ey) 
2h (2) n(a3 ie 
z+3 


Example 6.4.7.2. Find the bilinear transformation mapping z = 2, 1, 0 to w = 1, 0, i respectively. 


(w=10-1) _ (<=2)-0) 
(1-O)i-w) 2-1-2) 
= (w 1) Ci) (2) = (2-2) (i-w) = iz(w— 1) = (i-w) (2-2) 


, (z=) 
=> w/2(1 + i) -2] = 2iz—2i= 2i@-Y>w=2i cae 


Solution: Let z be mapped to w. Then (w, 1, 0, i) = (2, 2, 1, 0) or 
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Example 6.4.7.3. Find the bilinear transformation mapping z=™, i, 0 to w = 0, i, © respectively. 


Solution: The bilinear transformation mapping (z, z'=", i, 0) to (w, 0, i, w’ = 0) is given by 


fa) 
wi-w') _ (2-2')i et) z : 
—i(w-w) (z-i(-z) -*] - (1-4) 


(wv, 0, i, w’) = (2, 2’, i, 0) or 


w(-1l) _ iC) _, w_i zl 
-i(l) =z iz 


Put z' = w' = 0. Then 


6.4.8. Some Special Bilinear Transformations: 


Type 1: Determine the totality of bilinear transformations which maps the real axis to itself. 


Solution: Let x,, x» x, be transformed under such a bilinear transformation to 0, 1, respectively (points on 


real axis). 
Then (w, 0, 1, 29) = (2, Xp Xp X3), be, 

wl-o) _ (2-5, )(%, 44) wO-1) _(2-x)(%—-%) 9 y= — X4)Z—%,(X, —,) 
Hew) 4-2 )O5-2) 10-0) (%)-¥2)0%3-2) = (x, —%))Z+%;(%, —X2) 


The Jacobian of this bilinear transformation is (x,—x,) (x, — X)X3— X,(X) — X2)(%)— 3) 
= (x, —x,) (© X,— xx) — &7 - xt, 0%) -x,) = -(,- xX) &)—x)(%;-x,) FO asx, x, x, are distinct, 
a = (x, —-X,), b = -x(x,—x,), ¢ (x, —x,), d = x,(x, — x,) should be real, a #0, c #0. 


. Note: Ifa =0=>x,—x,=0 => x, =x, but x, and x, are mapped to I and © respectively. 
=> This is not a map [-: same element has two images.] 
w-w 


Also, if Im(z) > 0 has to be mapped to Im(w) > 0. Then Im(w) = a a 


_ 1|azt b {aztb 

Qijczt+d \cz+d 
ee aczztadz+-bez-+bd—acz—adz—bez—bd 
2i Ieztd? 


_ 1 (ad—bey(z-2) 
% letdh? 


=> Im(z) > 0 is mapped to Im(w) > 0 iff ad — be > 0. 
And Im(z) > 0 is mapped to Im(w) < 0 iff ad—be <0. 


: 
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Type 2: Determine the totality of bilinear transformation mapping |z| $1 into jw| $ 1 


az+b 
Solution: Let w = eae ad — be # 0 be the required bilinear transformation. 


= = 00 i ‘ j 
Now w = 0 and w are inverse points w.r.t. |w| = 1. As inverse points are mapped to inverse points. 


Their pre images z= —b/a and z=-d/c are also inverse points w.r.t |z|=1. If we take 0. = —b/a, 
then -d/c = 1/@ . : 


. wad ttbla_a 
: c ztdle oc ay) 
Now as each point on |2|=1 is mapped on |w|=1 .*, for z=1, 
fw] = [2 a = 1=9|2@) = 1 
c | l@-1 rae 
aa 
— =e" for some real i. 
c 
.. (1) becomes, w = ef (=) ... (2) 
a@z-l 


Also as & = 0, .*. G& must be an interior point of |z\=1. Thus the totality of all such bilinear 
Cy ae Sead 


. Pega a 
transformations is given by w =e , where |a| < 1, Xreal. 
-1 


Remark: 
(i) Transformations given by (2) are those which map |z| = 1 onto |w| = 1. 


(ii) |z| < I goes to |w| > J if || > 1 and to |w|</ if |a| < 1. 


(iii) Ifz = 0 is mapped to w = 0, then 0 = e'* (2) el*z 


Hence 0. = 0 and the transformation is w =—e'? z, rotation. 


l-@ -l-a@ 
(iv) Ifz = 1, -1 are mapped to w = 1, -1 respectively, then 1=e'? (= 1 and —]=e'? (=) 


; a@+1 |l-@ 
so that on eliminating e'4 we get 1 RNa 
re l+a@ Q@-1 
>a@ -a+ @ -1=-@+@a-1+a >a=@ >is real. 
eit l-@ 
a-1 


and w = e'? Salts and z = 1 is mapped to w = I gives | = or e4 =~]. 


COMPLEX ANALYSIS CHAPTER - 6 


Type 3: Find all bilinear transformations which maps Im(z) 2 0 onto |w| $ /. 


aot ad bee 0 Al) 


Solution: Let w = 


be the required transformation. Then c # 0 because if c = 0, then z = © is mapped to w = o. 

But z = © lies in Im(z) 2 0 and w = © does not lie in |w| < 1. So, c # 0. Also w = 0, w = 09 are inverse 
points w.r.t |w| = 1. 

“. 2 =—b/a and z'= -d/c are inverse points w.r.t Im(z)=0, the real axis. 


ee. = (=), r= ten oe 


a a c 


.”. (1) can be written as w= bad (=) . (2) 
c\I-a& 
As Im(z) = 0 corresponds to |w| = 1, the point z = 0 corresponds to a point on |w|= 1. 
a 


deel * 4 (ea pues 
z-a@ 


c 
“ale = Pi X real 
we A(=3), i real. 


a 


. [wl = =]. 


c 


= 
Also, z = & is mapped to w = 0, which lies inside |w| = 1. Hence Im(q) > 0. 


we A(=2), Areal, Im(a) > 0. 
Z-a 


Example 6.4.8.1. Find the image of the circle lz -3 =3 under the Mobius transformation w= mar 
a+ 


Zz ; 
Solution: w=—— giveswz+w=z 
zt+1 


=>w-l=-w == () 
l-w 
Now |z—3|=3 gives (2 - 3) (-3)=3? (2) 
w 4w-3 
-3=—-3=—— 
BA rea ae 
z-3- 3-3 
l-w 1-w 
Putting value in (2), G¥~SCW~3) 9 => l6wii -12w-128 +9=9114 win — (w+) 
(= ww) 


=> Tww-wt+w)=0 > 7(u? +v?)—3(2u)=0 surty?-Su=0 


a Go ea Nay eee) 


1 
Circle with center (-g,-f) = ($9) and radius = (g? + f? —c)? a) 
7 


Thus image is a circle with center ($9) and radius = & in w— plane. 
7 7 


Example 6.4.8.2. Find the bilinear transformation which maps z=1,i,-1 respectively onto w=i, 0, -i. Also 


find image of |z|<1 


Solution: Letz is mapped to w. Then (w, i, 0, -1) = (z, 1, i. -1) 
(w=) (W2 = W3) _ (=H) =2s) w= DOFH) _ Z-NEFD 
(w, —w,)(w, —w) (z, — 2) (25 -2z) (i-0)(-i— w) “a jel =3) 
-wti_(z-DG+) 
w+i (z+) G-1 


Si (izg-z+i-D)-w(iz-z+i-l)=w(izt+z-i-I) +ifiz+z-i-D 
=>-Diwz + Iw = 2iz + 2 await 
—iz 
This is the required bilinear transformation 
Now we have to find the image of |z| < 1, 


As, ee so => w-wiz—]-—iz=0 

1=¥z 

-l+w i(l-w) 
=>z7=——— _ >z= ww (l 

ew tee a 
As |z|< 1 => zz <1 OQ) 
nage (3) 
1+w 


Using (1), (2) and (3), we get 
id—w) =10—) 2) 5 0 <2(w+w) D0 <(w+W) 
(i+w) 1+w 

=>0<u>Rew>0 

Thus |z| < 1 mapped to Rew> 0. 


PRACTICE SET 


Exercise I. The bilinear transformation w, which maps the points 0, 1, © in the z-plane onto the points 


-i, 0°, I, in the w plane, is 


z-l z-i zti ztl 
oe ete = 7) gonads 
ed Zti @ zt+1 im z-l @ z-i 


Exercise 2, Let w = f(z) be the bilinear transformation that maps -1, 0 and 1 to -i, | and -1 respectively, then 
SU — i) equals 


te <a seis 


am 
| 
J 
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(a) 1+ 2: (b) 2i ()2+i (dji+i 
‘ 2z2+3 
Exercise 3. Let f(z)= a 3 »z€ C, then 
z 
(a) fmaps H* toH*, H’ toH™ (b) {maps H' to’, H toH : 
(c) fmaps L* to L’, L to’ (d) f maps L’ to L’, L to L 
Exercise 4, The function f(z) = z’ maps the first quadrant onto 
(a) itself (b) upper half plane 
(c) third quadrant (d) right half plane 
: a3 F l¢2 
Exercise 5. Critical points of f =s — is/are 
— Ls 
(a) +1 (b) 0 (c) only£1 (d)£1,0 
KEY POINTS 
> w=f(z)=u+iv is said to be a conformal mapping or transformation of a domain D in z-plane into a 


domain D' of w-plane if it preserves angle between two points in D both in terms of direction and 


magnitude. 


> The mapping w=f(2) is conformal in a domain D if f(z) #0 inside D. 


> The points at which the map is not conformal are called critical points. 
az+b soe Stat ye hs : ee. 

> ea ab,cd €©, is said to be bilinear transformation if ad — be # 0. It is a combination of 
cz+ 


translation, rotation, magnification and inversion mappings. 
> Two points P and Q are said to be inverse points w.r.t a line AB if line AB is right bisector of PQ. 


> Two points P and Q are inverse points w.r.t a circle with centre C and radius r if 
(a) they are collinear with center C. 
(b) They are on same side of C. 


(c) |CPI|CO| = 7° 


> Bilinear transformation preserves cross ratio. 
> Bilinear transformation maps a family of circles and straight lines to a family of circles and straight 
lines. 
cami ~ ee Ate Pees mas a ae 4 =z aa 
ee ores 198 - —- | 


Four points 2,2,» 23,2, lie on a circle if their cross ratio ts purely real. 


az+b 
rt a,b,c,d e Rand ad-bc #0 , then real axis is mapped to real axis. 


TI = 
ee czt+ 


(i) If ad-be>0, then upper half plane is mapped to upper half plane. 
(ii) If ad-be<0, then upper half plane is mapped to lower half plane. 


irf Z-@ 
If w= f(z)=e (=). where r éR, then |z|=/ is mapped to |w|=1, |z|</ is mapped to |w|>/ if 


|@ |>J and |z| < 1 is mapped to |w| < 1 if |a| < J 


Z-a 
2), where r eR, then f maps Imz=0 to |w|=1, Im (z)>0 is mapped to |w\</ if 


y we sme 
Im (a )>0 and Im(z) is mapped to |w|>1 if Im (a )<0. 


SOLVED QUESTIONS FROM PREVIOUS PAPERS 


Example I. Let G, and G, be the images of the disc {ze C:|z+])<1 } under the transformations 


wo doit? and wa Ltile+2 respectively. Then (GATE-2007) 
(i+i)z+2 (1-i)z+2 

(a)G, ={we C : Im(w)< 0} and G, ={we C:Im(w)< 0} 

(b) G, ={weC :Im(w)> 0} and G, ={we C:Im(w)<0} 

() G, ={we C :lwl> 2} and G, =(we C:lwi< 2} 

(d) G,={weC :lwl<2} and G, ={we C:llwl> 2} 


Solution: (b) Given maps are bilinear transformations and under such maps lines and circles are transformed 


to lines and circles. Circles through origin map to lines and the boundary of disc is circle through 


origin. 
Under w= iUenia es ; -1 is mapped to w =i. 
(+i)z+2 


Le., interior point is mapped to exterior point 
. option (a) is incorrect and hence option (6) is correct 


Example 2. Let S be a bilinear transformation that maps —1 to I, i to ~ and -i to 0. Then f (1) is equal to 


(GATE-2008) 
(a) -2 (b) -1 (c) i (a) -i 


Solution: (b) 2, =-1, w, =fiz,) =1 


Z,=i, W, = 00 = f(z,) 


ae “199 ; a a 


ov 


y =-i, WS 0 =fZ,) 
Since the bilinear transformation preserves cross ratio 
_ dv WOW, —w,) = (2-2, )(2, — 2) 
(wy, =, (wy Ww) (2, = 2, (24 - Z) 
lim L° DOr, 0) __ +E +!) 


mm (LW, )(O-w)  (-1-i)(-i-z) 


oa whl Wy - (c+)2i 

woe —w (l-w,} (-l-i(-i-z) 
w-l zi (2+) (i+1)(z +i) 
—. = — => w= 
ws Itilzti (z-l)-i(z+)) 

« f()=-1 


= f(z) 


Example 3. Under the transformation w= es the region D={zEC: |2| <1) is transformed to 
Z-1 


(a {zEC :0<argz<7z} 


(o{ze€ O<arge<~ or ncarge< | 


Solution: (c) w= —s 
z-i 
Region (1): 0<argz<™ 
Y 


a 3a 
Region (3): 0 < argz< 2 orl <argz< a 


(GATE-2010) 
(b) (zEC :-m< argz <0} 


(a {zeC F carge nor arg 2a} 


Region (2): -T < argz< 0 


y 


{i 
, x 
Region (4): 3 <MBz<t or SF carge< 2x 


Y 


t 


Putz = 0, f(0) lies in first quadrant. So options (b) and (d) are incorrect 


[oz=0is STON POUE of o and under bilinear transformation interior point goes to interior point] 
Put z= -1 => f(-1) =1. So option (a) is incorrect 
=> Hence option (c) is correct 
Example 4. roasts a Ly x=0 ) Lyy=0 and Ly:xty=I are mapped by the transformation w=z" into the 
curves C,,C, and C, respectively. The angle of intersection between the curves at w=0 is 
(GATE - 2012) 


(a) 0 (b) W4 (c) W2 (d) % 


Solution: (d) As we know that transformation w=z‘ magnifies the angle k times. Since the angle of 


: 5 ; 2 d 
intersection between L, , L, and L, is 5: So transformation w =z? magnifies the angle two times. 


Therefore angle of intersection at w =0 is 7. 


Example 5. Let f :C\{3i) > C be defined by f(z) ===! 
IZ+2 
FALSE? (GATE-2013) 
(a) fis conformal on C\f3i} 


(b) f maps circle in C\{3i} onto circle in C 


.Which of the following statements about f is 


(c) All the fixed points of fare in the region {z € C:Im(z) >0} 
(d) There is no straight line in C\{3i} which is mapped onto a straight line in C by f 


z-i 
iz+3 
f@) is conformal when f(z) #0 and f(z) is analytic. So f(z) is conformal in C\f3i}, then f(z) maps 


zZ— 


Solution: (c) f : C\{3i} 3 C be f(z) = 


circles in C \ {3i} onto circles in C. Fixed points are given by = : =Z 
“+3 


=iz?4+3z=z2-i iz? +2z+i=0 22? -2iz+1=0 


OR es 
59 tv=4—4 as =>z=i(+/2) 


Example 6. The image of the region {Z € C: Re(z) > Im(z) > 0} under the mapping z > e* is 
(GATE-2013) 


(a) {we C:Re(w) > 0,Im(w) > 0) (b) {we C : Re(w) > 0,Im(w) > 0,1 wi> 1} 
(c) {we C:lwb}} (d) {we C:Im(w) > 0,1 w > 1} 


= | 
Solution: (c) The given region is D = {z € C: Re (z) > Im (z) > 0} and the mapping is f(a=e’ 
Take z=4 + i 
2 


I@= etal? = gla eat =e [ce =1] 


C201 


a 


COMPLEX ANALYSIS CHAPTER - 6 


Here, Im(w)=0 
So, option (c) is correct. 


az+b 
Example 7, Let a,b,c,dé R be such that ad — be > 0. Consider the Mobius transformation Ta pea (2) = cz+d- 


Define H, = {z€ C: Im (z) > 0}, H. = {ze C: Im (z) < 0} 
R, = {ze C: Re (z) > 0}, R. = {ze C: Re(z) < 0}. Then, T,,,,maps (CSIR UGC NET DEC-2008) 
(a) H,toH, (b) H,toH (c) R,toR, (d) R, to R_ 


Solution: (a) Let a= 1, d = 1, b=c=0 so that ad - bc > 0 > T,4.4 (2) =Z 
=> options (b) and (d) are incorrect, 
Now take a = 0, d = 0, b =-I, c = 1 so that ad — bc > 0 is satisfied. 


-1 -1 
>T, boo (z) 7 eae > L eed (2) oe 
& 
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.. option (c) is incorrect. 

Hence, option (a) is correct. 
Example 8. Define H* ={zEC:y>0} 

HH’ ={zeC:y<0} 

Lt ={zeC:x>0} 

L ={zeC:x<0} 

The function f(z) = ea 1 (CSIR UGC NET JUNE-2011) 

(a) maps H* onto H* and H™ onto H™ (b) maps H* onto H™ and H™ onto H* 

(c) maps H* onto L* and H™ onto L’ (d) maps H* onto L- and H™ onto L* 
Solution: H* ={z€ C:y>0} H”> ={€ C:y<9} 

L’=f2E€ C:x>0} L ={z€ C:x <0} 


Zz 


Given f= 


i 
Put 2=i=> f(z) =——- x = 
" PO ina 16 


. 3 1, . 
.. Forz =i, f@)="5t 76! , he,x>0,y>Ooru>0,v>0 
=> Either H’ maps to H' or L' 


.. options (b) and (d) are incorrect. 


Further, put z = -i => f(z) =—— so) git. Set 
1-3i 1-3i 143i 10 


; en eee 
.. Forz=-i, f(z a5 10” ie, x>0,y<0 oru>0,y<0 


=> Either H” maps to H’ or L’ 
.. option (c) is incorrect. 
.. option (a) is correct. 


Example 9. Let U be an open subset of C containing {z€ C:|zlS1} and let f :U — C be the map defined 


y 2a 
by f(z)=e” “ for ae D, and yw € [0,22]. Which of the following statements are true? 


~az 
(CSIR UGC NET DEC-2011) 
(b) f maps {z€ C:lzl<11} onto itself 


(d) f is one one 


(a) | f(e'*)E1 for 0< @<22 
(c) f maps {ze Cilzl<1l} into itself 


‘: ial ~2-@ 
Solution: We know that a bilinear transformation of the form w =e" E | , lak! 
zZ- 


(i) maps |z| = / onto |w| = 1 
(ii) maps |z| < J into |w| < 1 
As forz =e”, \fiz)|=1 


.. option (a) is correct 
By point (ii), option (c) is correct and option (b) is incorrect. 


Also, Bilinear transformation is always one-one. 
.. Option (d) is correct. 


Example 10. Let f (2) =z + | forz € C with z# 0. Which of the following are always true? 
: (CSIR UGC NET DEC-2012) 


(a) f is an analytic function on C \ {0}. 


(b) f is aconformal map on C \ {0}. 
(c) f maps the unit circle to a subset of the real axis. 


nas <203> aa 
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(d) The image of any circle in C\ {0} is again a circle. 


Solution: (a,c) f(z) =z+ Z forze Cwithz#0 
Zz 


Clearly singularity of f(z) =z+ us is z = Oonly 


=> f is analytic function on C\{0} 
=> option (a) is correct 
For option (b), 


, , ] 
f(=1- exists for allz #0 and f'@)=0=1--7 =0=2z'-1=0 


=>z=1t1 = f (2) is not conformal in C\ {0} 


.. option (b) is incorrect. 

Further, f(z) =z+ ea 

On unit circle |z| = 1, ve =z+zZ=2Rez 

=> f(z)=z+ ~ maps the unit circle to a subset of the real axis 


=> option (c) is correct and (d) is incorrect. 


Example11. Let H = {z =x + iye C: y > 0} be the upper half plane and D = {z € C:: |z| < 1} be the open unit 


disc. Suppose that f is a Mobius transformation, which maps H conformally onto D. Suppose that 
S(2i) = 0. Pick each correct statement from below. (CSIR UGC NET JUNE-2016) 


(a) fhas a simple pole at z = -2i. (b) fsatisfies f (i) f(-i) =1. 


a 
¥ 


(c) fhas an essential singularity atz=-2i. (d) \ f(2+2i) l= 


Solution: (a,b,d) 


a 


a(z-@ 
We know that bilinear transformation g(z)=e* (2) maps Imz2 0 onto |w| S 1 if lma> 0 


Ifw = f(z) 


Given that ‘f’ maps Im z > 0 onto \w| < 1 and f(2i) = 0 .. f(z) =e (z= 2i) 
Z+2i 
Clearly f(z) has a simple pole at z = -2i 


2+2i-2i} 2 | rere FY 


Further, | f (2+2i) = == =— [|e] =1 
sili Gla ad Berar Tao as | le|=1] 


i eeererne ENT EE eee ares 
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yaet( in) ala 
aim 10-0) 
f-=e" (=2) =e 


of @.f(Ci) =1 


Hence, options (a), (b) and (d) are correct and option (c) is incorrect. 
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ASSIGNMENT - 6.1 


NOTE: CHOOSE THE BEST OPTION 


1. 


A mapping S(z) is called linear transformation if 


a +b 
(a) S(z) = -_ (b) S(z) = az (c) S(z) = z (d) S(z) =az+b 
CZ cz+d 
A bilinear transformation w = Gere having only one fixed point is called 
cz + 
(a) loxodromic (b) elliptic (c) parabolic (d) hyperbolic 
a F ni . az +b 
Critical points of the bilinear transformation w = ea are 
cz + 
(a)z=-d/ce,z=0 (b)z=-dle,z=0 (()z=0,z=0 (d) z =-d/c, z = -b/a 
The Jordan’s inequality is 
(a) 2¢ sn@-, (b) 2x<sin@<0 (c) 2 Pd (d) none of these 
a 6 x sin@ 
are 
oxo +] 
(a) x/3 (b) 22/3 (c) 42/3 (d) none of these 


Let f =u(x, y)+iv(x, y) and g = v(x, y) + iu(x, y) be non-zero analytic functions on |z\<1. Then, it 
follows that © 

(a) f'=0 (b) fis conformal on |z\<1 

(c) f =kg for some real k (d) f is one to one 


NOTE: MORE THAN ONE OPTION MAY BE CORRECT 


7. If Zp Zy Zp Z, are distinct points and T is any Mobius transformation then the cross ratio (z,, Z» Z Z,) is not 


8. 


9. 


equal to 
(a) (Tz, Tzy Zy 2) (b) (Tz), T2722) (c) (Tz,,Tz,,Tz;T2z, (a) (z,2,Tz,Tz, 


Ifz, #2, #2; #2, lie in Con The cross ratio (Z,, Z» Zy Z,) is a real number if z,, z, 2, Zz, does not lies on 


(a) triangle (b) parabola (c) circle (d) hyperbola 
The mobius transformation may take 

(a) circles into line (b) circle into circle 

(c) circle into square (d) straight line into straight line 


— 
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10, The points which coincide with their transformations are not 
(a) fixed points (b) critical points (c) bilinear points (d) conformal points 


LI. Bilinear transformation which does not transforms the unit circle |z| $ 1 into the unit circle |w|S/ is 


(w= e"(2-4) (b) w= (oe 

pa z+@ 
= 7a ea el z-a@ 

awe (55) (w= o (3) 


12. Let the transformation f(z)=u(x, y)+iv(x, y) is conformal, then 


(a) | f'(z)l#0 (b) ero ¥) (c) Ae.) #0 (d)f(2) is not necessarily analytic 
a(x. y) (x, y) y) 
13. Transformation f(z) = maps 
(a) \zIk1 onto | f(z)>1 (b)\zl<1 onto | f(z)\Kl 
()lzi>1 onto | f(z)b>1 (d\z\>1 onto | f(z)lkl 


uo 


z 


14. Transformation f(z) = 


(a) always maps a circle into a circle 

(6) always maps a circle into straight line 

(c) maps circle into straight line if circle in z-plane passes through origin 
(ad) maps straight line into circle 


15. Consider any bilinear transformation w= oe (ad- be#0), where A=(d—a)* +4be then w has 
cZ+ 

(a) only one finite fixed point, if c#0 and A a 0 

(b) two finite fixed points, if c#0 and A#0 

(c) one finite and other infinite fixed point, if c#0 and a#d 

(d) only one infinite fixed point, ifc=0 and a#d 


16, For the transformation w= rare 


(b) fixed points are 0 and I 


(a) fixed points are 0 and 2 
(d) transformation is hyperbolic 


(c) transformation is parabolic 


17. Which of the following(s) is/are true? 
(a) Every bilinear transformation can be expressed as the resultant of translation, dialation and rotation. 


(b) Every bilinear transformation can be expressed as the resultant of an even number of inversions. 
(c) The set of all bilinear transformations form an abelian group under the product of transformations. 
(@) The set of all bilinear transformations form a non abelian group under the product of transformations. 


[ eee . C207 e- ae eect | 
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ASSIGNMENT - 6.2 


NOTE: CHOOSE THE BEST OPTION 


The point u is the reflection of the point a on the line zb + zb=cif 


(aub+ab =c (b) ibt+ab =c 
(c) ub+ab =0 (d) ubtab =c 
azt+b . 
There is only one value of z for which w = z in bilinear transformation w = aD L 
(a) (a—dy’ + 4bc =0 (b) (a—d)’ + 4bc #0 
(c) (a—d)’ = 4be (d) (a-d)’ # 4bc 
. Bilinear transformation which maps the half plane Im(z) 2 0 onto the circular disc |w| Slis 
w= e'(2=2) wwe (2-2) 
2-@ z+@ 
(c) w= e* f ee ad } (d) none of these 
@-1 


Transformation w = S27 transforms the unit circle in the w-plane into straight line in the z-plane if 
cz+ 


(a) b/a (b) |a| = |c| (c) be + ad =0 (d) be —ad = 0 


. Uf the cross ratio (2,,%, 22,23) is real, then 

(a) (232523) are collinear 

(b) (Z,Z 323) are concyclic 

(c) %,%, and Z, are collinear when at least one of 2,, 22,01, 2; is real 


(d) 2,,2,and Z, are concyclic when at least one of 2,, 22, 0F, 2; is real 


Critical points of the transformation w = ( zt *) are 
z 


(a) -,0 (b) 0,e (c) +1 (d) +00 
If AB be the arc a<6< fof the circle|2 = Rand lim zf(z)=k, then 
(a) lim | f@)dz=i(B—a@)k (&) tim | f(@dz=i(B-ak 
AB AB 
(0) tim [ f(2)dz = (B— ak (@) lim | f(z)dz = (B- ak 
AB AB 
<a 


neeeeeeeneeen ) 


8 A linear transformation which takes the triangle A(z) =(0,1,i) in the z- plane into the triangle 
A(w) =(-1,-i,i) in the w-plane is 
fw=d-Dz-1 Owad+)z-1  wal-De+1 dy w= (1+ i)z +1 


9. The magnification factor of the conformal mapping w = 2024 (1-2i) is 


(a)! (b) 2 (c) 3 (v2 

10, Let f(z)=(z—%)'e*, then the mapping w = f(z) magnifies the angle at the vertex 2y by the factor K, 
where K is 
(al (b) 100 (c) 101 (d) 0 


I. By the transformation w= ze'™"*, the line x=0 is transformed into the line 


(a) v=-u (b) v=u (c) u+v=] (d) v=0 
12. Under the transformation w=z+1-i, the image of the line y=0 in the z-plane is 
(a) v=1 (b) v=- (c) u=1 (d) u=0 
, 1 ; 1 
13. Under the transformation w =— , the image of the line y = z in z-plane is 
(a) circle wt+v?+4v=0 (b) circle u2+v? =4 


(c) circle u? +v? =2 (d) none of the above 


14, The mapping w = z* —2z-3 is 
(a) conformal within |z|=1 (b) not conformal at z=1 
(¢) not conformal at z=-1 and z=3 (d) conformal everywhere 


15. Transformation w = z''* maps 
(a) half planes into circle (b) wedges or sectors into half planes 


(©) half planes into conformal hyperbolas  (d) none of the above 


16. Which of the following transformation is not conformal in a unit disc centered at origin? 


(a) e™® (b) eB: (c) ene? (d) ems 


17. The conjugate point of 1 + i with respect to the circle |z— 1| = 2 is 
(Ql-i (b)1+2i () 1+ 4i (d)-1-i 


NOTE: MORE THAN ONE OPTION MAY BE CORRECT 


18. Let w(z)= 


aztb and f(z)= eee A +B be the bilinear transformations. Then which of the following may 
cz+d z+6 
not be a bilinear transformation 


a 


| ; 
La fn nc 


fe ee ee en ete 
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(a) fz) w(2) (b) f(w(2)) (c) flz)*+w(2) (d) f2)* =r 


19. The non constant transformation w= Z is 
(a) conformal (b) isogonal (c) not conformal (d) not isogonal 


20. Critical points of mapping w = e7? -2iz +3 are 
nu a 
(a) n+) nn +4 () {ane 4 @ {ne 4) 


21. Which of the following statements is (are) false? Constant map has 
(a) infinite critical points 
(b) finite critical point 
(c) no critical points 
(a) none of these 


22. Which of the following(s) is/are true? 
(a) Composite of two bilinear transformations is bilinear 
(b) Every bilinear transformation (except identity map) has at most two fixed points 
(c) Bilinear transformation can map straight line to a circle 
(d) Bilinear transformation can map circle to a circle 


23. Which of the following(s) is/are correct? 
(a) The cross ratio is invariant under bilinear transformation 
(b) The bilinear transformation, which maps -1,0,1 onto 0, i,3i is w= _ 3+) = 
z- 
(c) Both (a) and (b) are true 
(d) Neither (a) nor (6) is true 


ASSIGNMENT - 6.3 


NOTE: CHOOSE THE BEST OPTION 


1, The critical points of the transformation w? = (z — a)(z - b) are 


(a) a+b (b)(a+b)/2 (c) a-b (d) 0 
2, Letw = (1 - iz )/z. Then the unit circle |w| =] is mapped on the line 
(a) 2x + 1=0 (b) 2y+ 1=0 (c) 2x+4=0 (d)y+1=0 
3. The image of |z + 1|=1 under the mapping w = 1/z is 
(a) 2u-1=0 (b) 2u+1=0 (c) u’-1=0 (d) u=2 
4. The image of the right half—plane x 20 under the mapping w = (z— I)(z + 1) is 
(a) right half plane u 2 0 (b) the upper half plane v 2 0 
(c) the disc |w| S 1 (d) none of these 
5. IfT. == = and T,(z) = ort then T, 'T,(z) is 
Pere (b)z+2 (c) z+ 6 (d)z—3 
6 If w=T,(2) = 222, then T;"(z) is 
z+3. 
(a) 2-3w (b) 2-3w (c) (d) none of these 
wl wl wt 
+2 
7 fT, ar ies TZ) Sst then T,T, (2) is 
(a)z+2 (b) 2 (c) ao2 (d) None of these 


2z+5 2z+5 
8 Ifz,, Z» Zy Z, are distinct points in the order in which they are written, then number of distinct cross-ratios 
is 


(a) 4! (b) 4° (c) 6 (d) 1 


9. The image of x=constant under the transformation w =sin zis 
(a) a parabola (b) a hyperbola (c) a circle (d) an ellipse 


10. The bilinear transformation that maps the points z,=2, 2 =i, 2, =—2 in the points w, =1,w, =i,w, =—1 


is 
_ 32-25 —2i _ 342i (d) ware 
ear (0) wa iz +6 Oe 6 iz+6 
a <a . Se ew 


1. Transformation w=zZ transforms 
(a) left half plane to right half plane (b) lower half plane to left half plane 
(c) upper half plane to right half plane (d) upper half plane to lower half plane 


12. The bilinear transformation wand maps 
+z 
(a) upper half plane into unit circle |w|s1 
(b) the unit circle |z|S/ into the right half plane 
(c) the unit circle |z|<1 into upper half plane 
(@) the unit circle |z|S/ into lower half plane 


13. The analytic function which maps the annular region 9< 9 <@ onto the upper half plane is 
(az? (b) 4z (c) 2" (d) 2z 

14, An annular domain in the complex plane is defined by 0<amp <4, The mapping which maps this 
region onto the left half plane is 
(a) w=z" (b) w =iz* (c) w=-2" (d) w=-iz* 


15. If Z= re’, then the image of @ =constant under the mapping w(z)=Re’* =iz> is 


a 

(a) $=30 (b) o=30+7 (c) i ae (2) ¢=0° 

16. The Mobius transformation maps the points 1—2i,2 + i,2+3i, respectively into 2+2i,1+3i,4 is 

i(1—z) l-z 
=e w=— 
i 1l+z @) l+z 

i) — (32 +12: 20 + 181) + (32 +12i)z 

fo) w Sau ssl (32 atl (d) Hel ) ¢ 
(29 +17i) —(11-3i)z (29 +171) -— (11+ 3i)z 


17. The angle through which a curve drawn from the point 1+ i is rotated under the mapping f(z)=z’ is 
a a a a 
= ‘b) — £0) Ros (@) — 
@s oO; OF 5 


a 
18. If. “f(2)=(z-2)° 9(2), where g(z) is analytic in |z-2|<r and g(2)#0. If angle at the vertex z=2 is 3 » then the 
angle at f(2) is 


22 a a 
(a) =e () a (c) 5 (d) 5 
19. The bilinear transformation w = 2z/(z—2) maps {z:|z-1|k 1} onto 
(a) {w: Rew < 0} (b) fw: Imw > 0} 
(c) fw: Rew> O} (d) fw: |w + 2I|<I} 


[ ee en ee : © EES ie = 
es ean ea Pane A eA 


a 


1 
20. The function w(z) = -(+ +02] »-1<b< 1, maps |z| < 1 onto 


(a)a half plane Z (b) exterior of the circle 
(c) exterior of an ellipse (d) interior of an ellipse 


; = ,io | <7P ‘ 
21. The transformation w = e ( ) where p is a constant, maps |z\| < I onto 


pz-1 
(@)lw| <1 ipl <7 (b) \w| > 1 if |p| > 1 
(o) |w| = 1 if|p| = 7 (d) |w| = 3 ifp =0 
22, The fixed points of f(z) = = are 
(iti (b) 142i (c) 2i+17 (its 


NOTE: MORE THAN ONE OPTION MAY BE CORRECT 


23. The rectangular region R bounded by x = 0, y = 0; x = 2, y = 3 in plane is mapped into the rectangle 


in 
region R of w — plane through the transformation w= V2? z, this transformation performs 
(a) rotation (b) magnification (c) translation (d) inversion 


24. Which of the following is correct if f(z) is conformal at 2 
(a) f(zis analytic at 2 (b) fiz) has local inverse at Zy 
(c) 2g is critical points of f(z) (da) zis not critical point of f(z) 


25. The fixed points of the transformation w = (1 +z) /(1-z) is 
(a) -I (b) 1 (i (d) -t 


26. The image of the circle | z| = 2 under the map w = 1/zisa 
(a) circle (b) straight line passing through the origin 
(c) circle of radius of 1/2 (d) none of these 


as nu 
27. arg(z—i) = 3 represents 
(a) a circle of radius 2/3 and centre (0, 1) 
(b) a circle of radius 2/3 and centre (1, 0) 


() an equation y = J3x+1 
(d) a line 


+i 
1 does not maps 


28. Function w= af 
iz+ 
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(a) Im 2$0 onto |wls1 (b) Im z20 onto |wis 1 
(c) Im z<0 onto |wi2 1 (d) Im z 20 onto |wi2 1 
29. If W,,W2,W, and W, are the images of the four distinct points 2), 22+%3 and Z, in the 2-plane under a 
bilinear transformation, then 
(a) (w,, W,,W3,W4,) =(Z,, 245 24 Z4) (b) (wy, , W, W3, W,) = (z, ’ 24> Z49 2) 
(c) (my =. )QWs = Wa) = (21 722 )Ss 72a) ~ 2: Mas = 24) (d) (W,,W2, Wy, W4) = (0,0,0,0) 
(W.-W, )(Wy— Wy) (Z_ 72 )(Zy 2) 
: eee iz+2 
30. Which of the following is true for the transformation w= pee: 
zti 
(a) It maps the real axis in the z-plane into a circle in the w-plane 
(b) It does not map the real axis in the z-plane into a circle in the w-plane 


(c) It maps the real axis in the z-plane into a parabola in the w-plane 
(d) It maps the real axis in the z-plane into a square in the w-plane 


? 


31. Which of the following statement(s) is/are true? 


3 
(a) The transformation w= Ei transform |w|s1 into lower half of the plane I(z) <0 
Z-1 


i+z 
(b) The transformation w=— transform |w|s1 into lower half of the plane I(z) <0 

i-z 

i+z : 

—— transform | w\s1 into the lower half plane I(z) <0 


: ZH 
(c) The transformations W=— and w= 
z-1 i-Z 


: +i i+z 
(d) For the transformation wait and w=- < Iw? -1<0 
zZ-l i-Z 


32. Consider the bilinear transformation from C,, to C.T(z) = a d egy Then, 


(a) T is one-one 
(b) T is onto 
(c) Inverse of T, i.e., T” is a bilinear transformation 


(d) none of the above 


33. Consider the transformation w=sinz. Then, 
(a) the rectangle —m@<x<a,c<y<d maps onto the elliptic ring cut along the negative y-axis 


Cm14a> ee ae ae 
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(b) the straight lines x=constant map onto confocal hyperbola 
(c) both (a) and (b) is true 
(d) neither (a) nor (b) is true 


34, Consider the transformation w= f (j=, Then, 
e +i 


(a) w is one — one conformal mapping of the horizontal strip 0<y< 7 onto the disc |w|<1 
(b) x-axis is mapped onto the lower semi circle bounding the disc 

(c) the line y= is mapped onto the upper semi circle 

(d) none of the above 


35. Which of the following(s) is/are correct? 


as : ~izt+4i 
(a) The bilinear transformation w=———— maps the crescent ~ shaped region that lies inside the circle 


x 
|z-2|<2 and outside the |z-/|>J onto a horizontal strip in the upper half plane 


(b) The transformation jw = <=] maps x>0 and the boundary x=0 on |w|S1 


(c) Let w=10=2 | then Im(z)<1 = Im(w) >0 
+z 


(d) None of the above 


36. The function f(z) that is holomorphic, within the unit circle which takes value Gatos Hise, 5 bl, is 
a —2acos@+1 


1 
(a) (b) 
a-z z-a 
1 a 
(¢) — (d) 
z a-Z 
37. Putting z=e'° such that C is the circle |z| = 1, then the integral f eee 6 reduces to 
5-3cos0 
a) § @ —Nde () jee (z° =Idz 
e 27(z-3) ce 23(3z-1) 
(o) § —@=Dae (d) none of these 


© 23(z-3)(3z-1) 


5-4z 
38. Which of the following is true for the transformation w= rear ? 
zZ- 


(a) It transforms circle |z|=1 into circle of radius unity in w-plane 
(b) It transforms circle |z|=1 into parabola in w-plane 

(¢) It transforms circle |z|=1 into square in w-plane 

(a) It transforms circle |z|=1 into rectangle in w-plane 


f 2 ws C215 > 


COMPLEX ANALYSIS 


ANSWERS TO EXERCISES 
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